STATICS

Made Simple
Fifth Edition

Zair Asrar Bin Ahmad
Abd Rahman Bin Musa
Zainab Binti Asus
Mat Hussin Bin Ab Talib
Iskandar Shah Bin Ishak
Mohd Yunus Bin Abdullah
Abdul Halim Bin Muhaimin


Jing Yik
Stamp


First printing, September 2019.

Copyright (©) 2019 Zair Asrar Bin Ahmad, Abd Rahman Bin Musa, Zainab Binti Asus,
Mat Hussin Bin Ab Talib, Iskandar Shah Bin Ishak, Mohd Yunus Bin Abdullah & Abdul
Halim Bin Muhaimin

PUBLISHED BY ZAIR ASRAR BIN AHMAD, ABD RAHMAN BIN MUSA, ZAINAB
BINTI ASuSs, MAT HUSSIN BIN AB TALIB, ISKANDAR SHAH BIN ISHAK, MOHD
YUNUS BIN ABDULLAH & ABDUL HALIM BIN MUHAIMIN

No part of this book may be reprinted, reproduced, transmitted, or utilized in any form
by any electronic, mechanical, or other means, now known or hereafter invented, in-
cluding photocopying, microfilming, and recording, or in any information storage or
retrieval system, without written permission from the authors.

Typesetting by Zair Asrar Bin Ahmad using I&EX & INKSCAPE.
Cover vector graphic is credited to www.freepik.com
Printed in Malaysia by Economy Express Printing and Graphics Sdn. Bhd.

ISBN 978-967-13543-4-6



Preface

In the name of Allah, the Beneficent, the Merciful

This handy book serves as an introduction to the course of Statics and is intended for
first year students taking a degree or diploma in engineering. Its main objective is to
provide simple and friendly techniques necessary in the learning of Statics. Focus is
placed on the application of basic algebra, trigonometry and elementary calculus to
solve problems with extra emphasis on the Free Body Diagram.

The following are some distinctive features of this book:

e Rigorous and detailed approach to solve resultant and equilibrium of particles.

e Emphasis on the techniques of drawing Free Body Diagrams.

e Thoroughly cover the moment equation to solve problems comprising statics of
rigid bodies.

e Addressing various effective techniques to tackle analysis of structure problems.

e Friction topics, centroids and centre of gravities of two and three dimensional
composite bodies are also included.

It is hoped that this effort, which is an attempt to guide students through a learning
experience in an effective manner, will be appreciated by both lecturers and students.
Any comments and suggestions for improvement are welcome and InsyaAllah will be
incorporated in the next edition. The countless prior comments and suggestions made
by our colleagues and students are acknowledged and highly appreciated.

We wish to express our sincere gratitude to our families, close friends, colleagues,
members and ex-members of the Mechanics of Machine Panel at School of Mechanical
Engineering, Universiti Teknologi Malaysia for their invaluable comments, supports
and encouragements. Last but not least, we owe to Allah’s grace for everything.

The Authors.
Untuk Tuhan dan Manusia
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1 — Infroduction to Statics

N OO‘;

Statics comes from a broader subject which is Mechanics. Mechanics is the applied
science which describes and predicts physical phenomena of bodies at rest or motion
under the action of forces. Statics is focused only on the study of resultant and equilib-
rium. Itis utilized to determine the exerted forces (external and internal) and to instigate
whether a body is in equilibrium or moving with a constant velocity. In this course, we
will be dealing mostly with the Newton’s Three Fundamental Laws;

Concept 1.1 — Newton’s Three Fundamental Laws.

First Newton Law If the resultant force acting on a particle is zero, the particle
will remain at rest (if originally at rest) or will move with constant speed in a
straight line (if originally in motion).

Second Newton Law If the resultant force acting on a particle is not zero, the par-
ticle will have an acceleration proportional to the magnitude of the resultant
force and in the same direction as the resultant force (}, F = ma).

Third Newton Law The forces of action and reaction between bodies in contact
will have the same magnitude and the same line of action but in opposite
sense.

In solving Statics problems, real world objects can be modelled (simplified) as

e Particle
Objects belong to particle only when its dimensions are not important (or as-
sumed negligible) for the analysis. Thus we typically draw this type of object as
a simple box, ball or point without any dimension attached to it. Imagine yourself
in an air traffic control tower monitoring aircraft flying in the sky. What you see
in the radar screen are just dots (or particles) representing the aircraft. Although
an aircraft is big compared to yourself, it is microscopic compared to the blue
sky. Thus, the omission of the aircraft dimension does not affect the calculation

= ~S
= A x‘.xm

000



10 Introduction to Statics

results much. Hence, approximating the aircraft as particles in this case is valid
whereby all the forces acting on an aircraft will be located only at a single point.

e Rigid body
When dimensions of an object need to be considered in the analysis, we assumed
the object to be a rigid body to simplify the calculation. A rigid body will not
deform under loads, thus its dimensions remain constant and will not change with
time. Even if this is not fully true in reality, such approximation can be made if
we say the load is small enough such that the object will only move and not
deform under the applied loading.

The customary units used in this book is the S.I. units. When solving the problem
in this book, accuracy greater than 0.2% is seldom necessary or meaningful in the
solution of practical engineering problems. A practical rule is to use three significant
figures, except when the beginning number is one, when four significant figures are
more appropriate. This rule is significant when comparing answers for two types of
solutions.

Throughout the text, there will be two types of quantities which are vector quantity
and scalar (magnitude only) quantity. Vector variable will be written using bold fonti.e
F while scalar variable i.e the magnitude of F or |F| is written using italic font F'.
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Particle and rigid body
We define particles and rigid body as in Table 2.1 to simplify the analysis.

Possesses a mass but neglect the size

Particle > (dimension)

A combination of particles where the distance
Rigid Body »  between them are the same before and after a
force is acted on it and possesses a mass.

Table 2.1: Particle versus rigid body.

Generally, bodies are defined as particles when the size and shape will not significantly
affect the solutions, whereby all forces are assumed to be applied at the same point.

Force vector

There are two type of physical quantities; scalar and vector quantities. The differences
between them are given in Table 2.2.

Types of Quantity Characteristics Examples
Scalar magnitude only time, mass, volume
Vector magnitude and direction weight, force, moment

Table 2.2: Scalar and vector quantities.

Force is one of the vector quantities. A force vector has three main characteristics;

e Point of application e Magnitude e Direction (line of action)

000



12 Particles : Resultant 2D

Forces may change the motion of a body in two ways;
e body at rest — may set the body in motion.
e body in motion — may accelerate or retard the body motion.

When analyzing the effect of forces, concepts 2.1 and 2.2 are deduced by applying the
third Newton’s law given in Concept 1.1. For cases where there are multiple forces

acting simultaneously on a particle or an object, Concept 2.3 aided by vector Concepts
2.4,2.5 and 2.6 can be applied.

Concept 2.1 — Principle of transmissibility.
Pulling or pushing action produces equal force on a particle or rigid body.

oty - oy

F F

HA — A.(_

Concept 2.2 — Reaction forces.
For every acting force there is an equal and opposite reacting force.

k2 - KL Lip

Concept 2.3 — Principle of physical independence.

If a number of forces are simultaneously acting on a particle, then each force will
produce the same effect which it would have done while acting alone. Based on this
principle, we can used vector operations like addition and subtraction on a force
vector like a normal vector.
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Concept 2.4 — Addition of two force vectors.
Vector addition needs to consider both magnitude and direction.

P+Q end Q+P

P+Q=Q+P=R, where R = resultant vector

Concept 2.5 — Parallelogram law.
Vector operation P+ Q = Q + P = R. The order of vector addition has no effect.

start

=, end

Concept 2.6 — Resultant of several concurrent forces.
Resultant vector R is always pointing from the starting to the end point.

start

end

Therefore, if a number of forces P, Q, S, ... are acting simultaneously on a particle,
then a single force R, which will produce the same effect as all of the given forces, is
known as a resultant force. The forces P, Q, S, ... are called component forces.



2.3

14 Particles : Resultant 2D

Analysis approach

There are three methods to solve resultant 2D problem for particles which are;
(a) Graphical method
(b) Trigonometry method
(c) Rectangular components method

The application of these methods are best illustrated in the following example.

= Example 2.1 Determine the resultant of the two forces.

30°
150 N 100 N
20°

(a) Graphical method

The procedure is to start at a point and arrange the force vectors tip-to-tail. Resul-
tant is the vector beginning from ’start’ and finishing at ’end’. Observations for 2D
analysis are;
e there are six quantities involved in the process of adding the two forces, i.e. the
magnitude and direction of vectors 100 N, 150 N and R.
e except for special cases, there can be only two unknowns involved.

end
150 N
Using a scaleof 1 cm =50 N : R 30°
length of vector R = 3.3 cm = 165 N — using a ruler
0 = 83.5° — using a protractor 0 100 N
20°

start

In this example, the six quantities are:
100 N £20°, 150 N £120° and the magnitude & direction of vector R.

The parallelogram law can also be applied in the graphical method to obtain simi-
lar results. The procedure is to construct two parallel lines according to the line of
action of the two forces. Resultant is the vector beginning from ’start’ to ’end’, which
is the point of intersection.
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end (intersection point)

Using ascaleof 1 cm=50N:
length of vector R =3.3 cm = 165 N — using a ruler

0 = 83.5° — using a protractor
150N

start

(b) Trigonometry method

The procedure is identical to the graphical method, but trigonometry is used to cal-
culate the magnitude and direction (angle). There is no need to draw the polygon to
scale. Sine and cosine rules are used. Since these rules are valid only for triangles,
the number of forces involved must be three since there are represented by each side
of the triangle.

B =20°+60° = 80°
cosine rule:
IR|? = 100% + 150% — 2(100)(150) cos 80°
IR|=1652N
sine rule:

sin o _ sin 80°
150 165.2°

0 = a+20° =63.4°420° = 83.4°

a=0634°

- |R|=R=1652N 483.4°

The direction is always an angle referring to the horizontal or vertical axis.

(c) Rectangular Components Method

The forces are first resolved into components along two axes which are perpendicular
to each other. The norm is to use the x and y axes. By using rectangular components
method, the resultant can be obtained as;
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(= +) ) F:=R:
R, =100c0s20° N
—150sin30° N
Ry =18.97 N(—)
(t+)LF =R,
R, =100sin20° N
+150c0s30° N
- R, =164.1 N(1)

150cos30° N

150 N

150sin30° N

IR|=R=/R2+R2=/18.972+164.22 = 165.3 N

1642

0 =tan 257
“R=1653N .83.4°

=83.4°

100sin20° N

100N
20° 100co0s20° N

Ry=164.1N

R.—18.97N

Concept 2.7 — Trigonometry identities. These equations can be applied in

problems involving three vectors ()

Sine rule

sinA sinB  sinC

a b ¢
Cosine rule
a? = b* +c* —2(bc) cos(A)

b? = a® + ¢*> —2(ac) cos(B)
c? = a® +b* —2(ab) cos(C)

Note ambiguity case:
sin @ = sin(180° — )
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Concept 2.8 — Basics for resolution of forces.

Yy y y Vi
R 0 R
‘ X | o X X
F, = +|F|cos @ F, = —|F|cos6 F, = +|F|sin@ F,=—|F|sin6
F, = +|F|sin0 F, = +|F|sin0 F,=-|F|cosH F,=+|F|cos9
y y y y

o)
e
}( A
=)
m‘
)
D
~
)
~

0
—|F|sin 6 F, = +|F|sin0
=—|F

—|F|cos6 | F,=+|F|cosO
= —|F| —|F|cos 6 B,

= —|F|sin6 F, = —|F|sin6

o P

|| ||

Observations:
e resolutions are based on acute angles.
e the component beside the given angle is always ‘cos’.
e resolve the force first, then compare with the axes for (+ve) or (—ve) sign.

The resultant R is found by using;

R:ZFv R :ZFX7 R)’:ZEV

2.4 Comparison between the methods

Main differences between the methods are:

e The graphical method is simple but might lack the accuracy required. A suitable
scale must be employed to avoid errors.

e The trigonometry method is more suitable for addition of two forces. The resul-
tant of many forces will result in longer and tedious calculations. There are two
instances where this method is invaluable;

(a) To determine the components of a force which are not perpendicular to each
other (Example 2.2).

(b) In special cases, when there are 3 unknowns involved, usually finding the
minimum value of a force (Example 2.3).

e The rectangular components method is suitable for almost all category of ques-
tions (except the two discussed above), especially so in problems involving sev-
eral concurrent forces. (Examples 2.4 and 2.5).
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= Example 2.2

Determine components of the 100 N force
along the a —a and b — b axes.

Solution:

The 100 N force is the resultant, and must be located in between the two compo-
nents (parallelogram law). i.e.

Drawing the vector triangle;

0 = 180° — 60° — 25° = 95° end
and using the sine rule 100N/ © Faa
sin25°  sin60°  sin95° - 25°
100 N By N Fop start Fip

to obtain F,; = 204.9 N and F, = 235.7 N

= Example 2.3

Determine the resultant R and the mini-
mum force P, if the resultant of the forces
is vertically downwards.

Solution:

Notice that there are 3 unknowns P, 6 and R.



2.4 Comparison between the methods

19

from the diagram,  start
P =100sin30°
.+ Prin = 50 N(+-) 30° \ 100N

end
R =100co0s30°
..R=86.6N(])

line of action of the resultant

\\ijn (the nearest distance)

=« Example 2.4

F, =200 N
F; =100 N
Three forces, F1, F> and F3 act on point A, deter- o

mine the resultant, R. ¥
45° Y/ A

F; =300 N

Solution:

e Observe that the two unknowns are; magni- R=)F=F +F+F;

tude and direction of R.

e An assumption has to be made in the direc- R F, I, K
tion, usually the resultant is first resolved into magnitude x v vV
components, R, (—) and Ry (1). direction x v Vv @V

200c0s20° N

100sin40° N

y 200sin20° N

L.

100cos40° N

455

300cos45° N

300sin45° N

(+ _>) ZFX = Rx
R, = 100co0s40° —200sin20° — 300 cos45°

R,=-2039N
o .R,=1203.9 N(<—)
(+ T) ZB} = Ry

R, = 1005sin40° 4 200c0s 20° — 300sin45°
R, =40.1 N(1)
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R=/R?+R?=1/203.92+40.1? R R,=40.1N

=2078N

40.1

0 — tan~! <M> —11.13° = R.—2039N

S.R=207.8N 11.13°x

= Example 2.5

Three forces, Fi, F; and F3 act on point A. If the
resultant is known to be on the a — a axis, determine
the magnitude of F3 and the resultant R.

Solution I:

e Observe that the two unknowns are the mag- R =YF=F; +F,+F3
nitudes of F3 and R.

e The line of action of the resultant R is given,
but an assumption has to be made in the di-
rection; either, 30° % or 30°~. For the pur-
pose of this example 30°*is chosen.

=
=
=
[3S]
ey
w

magnitude x Vv
direction vV

5 &
(\

200co0s20° N
100sin40° N

Y 200sin20° N
| a - 100cos40° N
x ............
F3cos45° N Rcos30° N
Rsin30° N
F3sin45° N

It is not necessary to draw the above diagram in answering exam questions, but the
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assumption in direction of R must be stated. By solving along x and y axes;

(+—=) )Y =R,
Rcos30° = 100c0s40° — 200sin20° — F;3 cos45°
0.866R = 76.6 —68.4 — 0.707F3
0.866R =8.2—0.707F; ...(1)
(+ T) ZFy = Ry
Rsin30° = 100sin40° + 200 cos 20° — F3sin45°
—0.5R=64.34+187.9—-0.707F;
—0.5R =2522—0.707F; ...(2)

solving for R and F3

(1)=(2) 1.366R= —244 N
R=-178.6 N
..R=178.6 N 30°x which is opposite to the assumed direction

input the value of R into (1)

0.866(—178.6) = 8.2 — 0.707F;
Fy=2304N 45°Y

Observe that the value of R used is the one resulting from calculations (—178.6 N)
and not the modified answer (178.6 N).

Solution 2:
Another method is to use slanting axes where the forces are resolved through 90°

components that are not vertical and horizontal. Usually, the axes is positioned so
that one axis is on an unknown quantity (i.e. R)

y' 200c0s50° N .
2005sin50° N 100sin70° N
Q 0 a 70°
70 30°0~- N 100cos70° N
X F3c0875° N
75°

F3sin75° N
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The other unknown (F3) is directly solved by summation of forces in the y’ direction;

(+./) Fy =Ry Ry =0sinceRis in the x’ direction.
0 =100sin70° 4+200cos 50° — F3sin75°
o F3=2304N 45°Y

R is solved by the summation of forces in the x” direction;

(+\) ZFX/ =R, Ry =Rsince R is in the x’ direction.
R =100co0s70° —200sin50° — F3cos 75°
R =100c0s70° —200sin 50° — (230.4) cos 75°
R=-178.6 N
S R=1786 N 30°x

= Example 2.6

Force P acts on the robot arm as shown.

(a) If the component of force P along
BC equals 500 N, determine the
force P and component of force P
parallel to the arm AB.

(b) Determine the rectangular compo-
nents of the 500 N force (component
of force P along BC) about the u and

Vv axes.
Solution:
(a) The force P has component along (+-) ZF v = Ry
AB and BC. Hence; —500c0s40° 4 Pog c0s60° = —Pcos75°
— 383 +0.5P\g = —0.259P (1)
P + P = P
. B¢ AB i+ T)ZFV =R,
magitnde 500 Fap P —5005in40° — Pap sin60° = Psin75°
direction ~ 40° 60° 75°

—321.4 —0.866P5p = —0.966P

Solving equations (1) and (2) simultaneously gives P = 696 N and Pyg = 405.6 N.

(b) The u and v axes are along horizontal and vertical directions respectively. Hence
the component of force Pgc along these axes are;

(+ =) Pgcy = —500c0s40° = —383 N
(+1) Pgcy =500sin40° =321 N
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2.5 Example questions

Exercise 2.1

Force O = 80 N and the resultant R = 120 N (—).
Determine the magnitude of force P and the
angle 6.

Answers: P =58.3 N, 6 = 35.44°

Exercise 2.2

Force O = 80 N and the resultant R is horizontal.

Determine the magnitudes of both forces P and R.
Answers: P=44.14 N, R=100.9 N

Exercise 2.3

a. Determine P and 0 if the resultant R = 160
N ).

b. If R is vertical and 6 = 40°, find forces P and
R.

Exercise 2.4

a. The resultant R of forces P and QO shown acts
along the vertical axis. Determine the mag-
nitude of forces Q and R.

b. The resultant R of forces P and Q shown is of
magnitude 200 N. Determine the magnitude
of force Q and direction of force R.

100 N

P=100N
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Exercise 2.5

Determine components of the 100 N force shown
along the a-a and b-b axes. a
Answers: 86.6 N for both axes

Exercise 2.6
100 N

Determine components of the ' = 100 N force
shown along the a-a and b-b axes.

Exercise 2.7

The 500 N force is applied to the bent frame BAC. If the
component along AC is 400 N, determine the angle 6 and

the force component along AB.
Answers: Fag =560.6 N and 6 = 76.15° 7

Exercise 2.8

Determine the components of the 250 N
force shown along the axes a-a and b-b.
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Exercise 2.9

Fy, =600 N Y,
Determine the resultant of the four forces 60°
shown. Tt

F3=500N

Exercise 2.10
SN 400 N

a. Determine the resultant force for the system
shown. 3[}
b. Determine the change in the mass M if the
resultant force is horizontal.
M =20kg

Exercise 2.11

Resultant of the three forces is assumed in
the direction shown. Determine the mag-
nitude of resultant R and the angle 6.

Exercise 2.12

Four forces act on a bird in flight, as shown
in the figure; its weight W, the thrust Fr,
the lift 7 provided by the wings, and the
drag Fp resulting from its motion through
air. Determine
a. the resultant of the four forces and
its line of action with respect to the
X axis.
b. the components of the resultant in
the a-a and x’-x’ directions.
Answers: (a) R=19.17TN, 0 =63.91°, ®) Ry_o) = 179N, R(y_,y =2.35N
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Exercise 2.13

Four forces act on a plane in flight, as
shown in the figure; its weight W, the
thrust Fr, the lift /7 provided by the wings,
and the drag Fp resulting from its motion
through air. Determine
a. the resultant of the four forces and
its line of action with respect to the
x axis.
b. the components of the resultant in
the a-a and y'-y’ directions.

Exercise 2.14

R, is the resultant for F; and F,. If the
force F> acts along a-a, determine F> and
the angle 6.

Answer: F, = 15 N and 6 = 40°

Exercise 2.15

If the component of the resultant R (for forces Fi,
F>, F3 and Fy) along the x axis is 0.59 N, determine
F; and the resultant R.

Exercise 2.16

Five forces, Fi, F,, F3, F4 and F5 are ap-
plied to point O. The force F> which acts
along a-a, and F5 are not shown.
a. Find the magnitude of F; and the an-
gle 0 if R is the resultant of F; and
.
b. Find F5 if R7 is the resultant for Fj,
Fz, F3, F4 and F5.

. F=10N
30°
10.94°
= p) >
j‘\ R =1491N
.

Fy=50N
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Exercise 2.17

a. Determine the resultant for the three forces 200 N y
shown. 60° 100N
b. If there are four forces applied to the point, 45° >
find the fourth force if the resultant for the 70°
four forces is zero.
300N

Exercise 2.18

Four forces act on point A with details as fol-
lows; F1 = 0.8 kN, F>, = 1.9kN, F3 =0.15 kN
and Fy is not shown.
a. Find the resultant for Fj, F> and F3.
b. If resultant for the four forces is Ry = 2
kN in the direction shown, determine Fj.

Exercise 2.19

Two forces, P and Q are applied at O to counter a 500 N
load with centre of gravity at G. Determine
a. the two components of Q if it is resolved along a-
a and b-b axes, given that Q = 250 N, 6 = 25° and
o =30°.
b. the minimum force Q and the angle 0 if P =400 N,
o = 60° and the resultant R for the whole system is
vertical.

Exercise 2.20

Three forces F1, F> and F3 are applied to

b ! )
point A. Determine the two forces, acting 200( | /45

on a-a and b-b axes which is equivalent to
the resultant of the three forces. Fy= 100% i
7|}
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Exercise 2.21

Resultant of the three forces Fj, F> and F;3
acts along a-a. Determine

a. magnitude of the force F3.

b. the resultant R.

Exercise 2.22

Resultant of the three forces Fj, F> and F;3
acts along r-r. Determine the magnitude
of F and the resultant R. Also, determine

the two components if R is resolved along
a-a and b-b.

Exercise 2.23

Four forces; Fi, F>, F3 and Fj are applied
to point O. The force Fy acts along a-a.

a. If Ry = 24 N is the resultant for F}
and F;, determine the magnitude of
F4 and the angle 6.

b. If the component of the resultant
(for Fi, F>, F3 and F;) along the x
axis is —8.1 N, determine magni-
tude of F, and the resultant R.

Exercise 2.24

a. If resultant of the three forces is of
magnitude 750 N, determine angle
B and direction of the resultant.

b. Find the two components if Fj is re-
solved along AB and AC.

yA
b
F = 10 N /
2 45° [45° -
a
\<ﬂ |
30° N e
. _.—//’ \\\ \ Fl B
/’ \\a
b
y
& A
N
/\ 5
F3 — 15 N\“\\\ 600
ZOMWO >
Fi=10N . NR;=24N
‘a
B .
ey g
e C
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Exercise 2.25

The resultant of four forces Fi, F>, F3
and F; (not shown) acting on particle
A lies on the line a-a. Determine the
magnitudes of the resultant and Fy if
F4 acts on the line b-b.

Exercise 2.26
Solve for R and 0 given the following equations;
(+—) Rcos @ =Fjcos B; — F>sin 3,
+ F3cos 33
=0N
(+ 1) Rsin @ =F;sin ] — F>cos 3,
— F3 sin [33
=5N

Exercise 2.27

It is required that resultant of the three
forces, F; = 100 N, F> = 200N and F3 =
300 N acts on the line a—a. While main-
taining F; and F, (magnitude and direc-
tion), determine magnitude of the resultant
and the additional force to F3 to satisfy the
requirement. The direction for force F3 is
unchanged.
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Equilibrium condition

A particle is in equilibrium when the resultant of all forces acting on it equals zero.
Hence when a particle is in equilibrium condition;

000

YAXEaY

YF=R=0 = .. theircomponents ) =R, =0 and ) F,=R,=0

Free body diagram (FBD)

All relevant forces acting on any particle can be identified by drawing the Free—Body
Diagram (FBD) of the particle.

The procedure of drawing the FBD is as follows;

e Draw the boundary of the chosen section and detach / separate it from all other
particles,

e Input all external forces acting on the particle,

e For a particle with a mass, put the weight, W = mg acting at the centre of gravity
(G) of the particle in the vertically downwards direction,

e For a particle touching a surface there is a normal force acting perpendicular to
the surface and directing towards the particle.

= Example 3.1

Actual system
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3.3 Analysis approach

There are three methods to solve equilibrium 2D problem for particles which are;
(a) Graphical method
(b) Trigonometry method
(c) Rectangular components method

The application of these methods are best illustrated in the following example.

= Example 3.2

Determine the tension in cables AB and
BC for the system to be in equilibrium.

Solution:

Preliminary step — Draw FBD Tsc

Q A sketch of the FBD is a MUST when an-

swering all questions involving equilibrium. 200(9.81) = 1962 N
FBD
(a) Graphical Method
start, end

@line of action of Tga

@line of action of Tgc

For equilibrium, the end result is a closed polygon (the ’start’ and ’end’ is at the
same point). The procedure of this method is the following;

e Start at a point and construct a line with a suitable scale to represent a force
with a known magnitude and direction, in this case the 1962 N force acting
vertically downwards.

e Construct a line to represent a known line of action (say choose Tpc at 20°)
starting from the end point of @

e The other line of action (Tga at 40°) must pass through the above line and end
at the start point, completing the closed polygon.
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Using a suitable scale, the result is found to be
TBA =2120N and TBC =1735N

(b) Trigonometry Method

The procedure for this method is similar to the graphical method except that trigono-
metric identities are used to determine the magnitude of 7gs and Tgc.

sine rule:

1962 TsA . Tsc

sin60° _ sin70° _ sin50°
c.Tga =2128.89 N and Tgc=173549N

(c - 1) Rectangular Components Method (x — y axis)

All forces are resolved into their x and y components

Tga sin40° Ty sin20°

Tga
y Tsc

L, X Tga cos40° Tgc cos20°

200(9.81) = 1962 N

(+1)Y /=0
(+—=))Y F=0 Tycsin20° + Tpa sin40° — 1962 = 0
Tgccos20° — Tgacos40° =0 Substituting for Tgc gives;
. Tge = 0.8152TgA 0.81527gA 8in20° + Tga sin40° — 1962 = 0

. Iga =2128.87TN  Tgc =1735.46 N

(c - ii) Rectangular Components Method (slanting axis)

Another (not so popular) method is to resolve the forces through 90° components
that are not horizontal and vertical. All forces are resolved into their x’ and y' com-
ponents. Usually, the axis is positioned so that one axis is on an unknown quantity
(Tsc)-

Tga cos 3;0"
/ Tga y

\/XI TsA sin 30°

3
1962sin20° N o
1962 N 1962co0s20° N
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Observe that the other unknown (7gp) is directly solved by summation of forces in
the y’ direction.

(+N)YLFy =0
= —1962¢0s20° N + Tga cos30° =0
C.Tga = 2129 N

Tgc is solved by the summation of forces in the x’ direction.

(+ /) Fe=0
= Tgc — 19625in20° N — Tga sin30° = 0
= Tgc — 19625in20° N — 21295in30° = 0
. Igc=1735N

Advantage Disadvantage

Directly solve one unknown  Must be good in determining angles

(c - iii) Rectangular Components Method (independent axes)

Another (an even less popular) method is to resolve the forces through axes that are
not 90° to each other. This method is seldom used but it is shown here just to empha-
size that, as long as the resolutions to components are done correctly, choice of axes
is irrelevant.

200(9.81) = 1962 N

(+ /)Y Fe=0 +NYFE=0
Tgc — 19625sin20° N — Tga sin30° = 0 Tgcsin20° + Tga sin40° — 1962 N =0
Tgc —19625sin20° N —2129sin30° =0 17355sin20° 4 T sin40° — 1962 N =0
S Tgc=1735N S Iga =2129N

Advantage Disadvantage

Making sure the resolutions are correct to their

Free to choose axes ; ;
respective chosen axis

@ Any other chosen axes will generate the SAME results !
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Concept 3.1 — Analysis of cables/wires/ropes and pulleys.

All cables are assumed to be inextensible.

All forces acting from cables must direct outwards from point of analysis, i.e.
in tension.

When a cable passes a pulley, the tension is the same as long as it is the same
cable.

Pulleys are assumed to be smooth except stated otherwise.

Dimensions of a pulley are usually neglected in calculations except stated
otherwise.

mg
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3.4 Example questions

Exercise 3.1
The system shown in the figure is in equilib-
rium. Determine A
a. tension in cables AB and BC. 45° B 30°
b. the mass m.
Answer: (a) Tag = 1802 N, Tgc = 1471.5N 150 kg

(b) m=204.9 kg l m '

Exercise 3.2

If the tension in cable BC is 800 N, determine.
a. tension in cables AB.
b. the mass m.

Answer: (a) Tap = 904.4 N (b) m =50 kg

Exercise 3.3

The 50 kg mass is supported by a five cable sys-
tem. Determine the tension in every cable so that
the system is in equilibrium.

Answer: Tag = 832.5 N, Tgp = 522 N,

TDG =490.5 N, TBC =817.5 N and TDE =178.5N

Exercise 3.4

The system shown in the figure is in equilibrium.
Determine

a. the tension in cable AB.

b. the angle 6.
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Exercise 3.5

The cable system is used to maintain the position of
mass m. If a 500 N force is acting at B as shown,
determine the tension in cables BC, CD and the
mass m.

Exercise 3.6

If the tension in cable AC is 20 N, determine the
tension in cable BC. Determine also the magnitude
and direction of force P so that equilibrium is main-
tained.

Exercise 3.7

Determine the force F and angle 0 if the system
shown is in equilibrium.
Answer: F' = 14.36 N and 6 = 60°

Exercise 3.8

A 6 kg mass at E is supported as shown. Determine
the tension in the spring and the tension in cable
AB.

Exercise 3.9

The figure shows a system of pulleys
supporting several masses. Determine
the mass m and angle 6 so that equi-
librium is maintained.
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Exercise 3.10

The force P is acting at point D to maintain

50° A B
the system in equilibrium. Determine the E
magnitude of force P. l__Ll 10 kg

40° D &C

'p

Exercise 3.11

Two forces, F| and F, are used to maintain the po-
sition of both 50 kg mass balls as shown in the fig-
ure. If the tension in cable BC is found to be 2000
N, determine Fi, F> and angle 6.

Exercise 3.12

The mass m = 30 kg is supported by six cables
as shown. Determine the tension in horizontal
cable BD and angle 6 to maintain equilibrium.

Exercise 3.13

The 50 kg mass is supported by a five cable
system as shown. Determine the tension in all
cables.
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Exercise 3.14

Determine the mass m; used to maintain mass my = 10 kg at the position shown.
Answer: m; = 19.4 kg

Exercise 3.15

B
Two masses, P and Q are used to maintain A f
DAC in the horizontal position as shown. If D Z30
P =500 kg and Q = 1000 kg, determine the = c|
tension in cables AB, AC and AD.

Exercise 3.16

The three loads are supported by the cable
and pulley system. If the weight A equals W,
weight B equals 0.25W and weight C equals
W, determine the equilibrium angle 6.

Exercise 3.17

Determine the tension in the cable T in terms of the weight W.

(@) (b)
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Exercise 3.18

The system is in equilibrium. Determine the
angles 6 and f3, and tension in all cables.

Exercise 3.19

B .
Collar A is connected to the 20 kg mass and 20kg
moves freely along the slot. Determine the 0.5m
force P required to maintain the collar in equi- 0.1 m
librium. '
P 2
A

Exercise 3.20

The system shown is in equilibrium. If P = 20 kN,

determine the load W. cable
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Forces in space

In space, we are dealing with three dimensional coordinate system. Here only the
Cartesian coordinate is considered. This coordinate system is made up by three per-
pendicular axes namely x, y and z axes. Two common arrangements for these axes are
shown below;

For a particular force vector in space, there are also three components of this force
which correspond to each of the respective axis. In order to determine these force
components, three methods are available;

e First angle method

e Second angle method

e Coordinate method

000
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Concept 4.1 Force vector in space (3D)
Before that...some basic, simple 'must know’ is how to determine the force P in
terms of unit vectors i, j and k.

P=10N

P = 10Nk

A
p=1oNZ | {077

,X),A m

P = 10(cos 60°Nj + sin 60°Nk) P = 10(§2)Nj+ 10(32)Nk
P = 5Nj + 8.66Nk P = 6Nj + 8Nk T

Determine the resultant vector for
displacement using Pythagoras
Theorem first.

4.2 First angle method

This method is suitable when angles between the force and the three axes are known/given.
Consider a force vector F with magnitude F' and at angles 6, 6, and 6, to x, y and z
axes, respectively.

This typical force vector can be written in the form of;

F=Fi+Fj+Fk
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However, based on the figure above, its components are given by;

F. = Fcos 6,
Fy,=Fcos0,
F, =Fcos0,.

Thus, the force vector can be rewritten as;

F = F cos Oxi + F cos Byj + F cos .k
= F(cos 0xi + cos 0,j + cos 6;k).

But,
cos Oi+cos B)j+cos 0.k = A

where A is a unit vector along the line of action of the force vector F. Therefore, force
vector F can also be written in the form of;

- F=FA=FAi+FAj+FAk

Vector Identities
1. Ay=cosB :%; Ayzcosey:%; AZ:COSGZ:%
2. M +A+A=1

. cos? 0y +cos? 0, + cos? 6, = 1
3. F=\/F?+F}+F?

= Example 4.1

Solution:

Determine the 1000 N force in

Determine 6
terms of i, j and k. ——

cos? 135° + cos? 0, + cos?60° = 1

~.cos* 8, = 0.25 — cos 6, = +0.5

observe that 6, is obtuse, .". 6, = 120°.

Determine the force F

! F =1000cos 135°i + 1000 cos 120°j
F =1000 N -+ 1000cos 60°k
=—T707Ni—500N j+500N k
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4.3 Second angle method

This method is used for solving the type of problem as shown below wherebys;
e one angle between the force and an axis is known/given (usually it’s 6, angle
between the force and the y axis).
e one angle on a plane is known/given (usually the x — z plane).

The force F shown above is first resolved into two components; one vertically, along
the y axis, Fy and the other horizontally, on the x — z plane, Fy as shown below.

cmmmeeccmceceaaney,

Forces Fy and Fy are obtained as;
Fy =Fcos6,=F,
Fy = Fsin6,

Component Fy is then resolved into two components; along the x and z axes as illus-
trated in the following figure giving

Fy,=F/ =Fcosb,

Fy = Fsin6,

F, = Fgsin¢ = Fsin6,sin¢
F, = Fycos¢ = Fsin6,cos ¢

For the choice of angle, it depends largely on the information given from the problem
diagram. In general there are four types of possible arrangements as follows;
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fccmccmccceeeeee, femcccmme e e,

= Example 4.2

Determine the 1000 N force in
terms of i, j and k.

Solution:

F, =Fy = 1000cos 60° = 500 N
F — 1000 N P Fy =1000sin60° |
\ F, = — Fysin30° = —1000sin 60° sin30°
N =—433N
F, =Fy cos30° = 1000sin60° cos 30° = 750 N
. Fy =—433 Ni+ 500 Nj + 750 Nk

F=1000 N,

Note:
The configuration shown on the
right will produce the same result.
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4.4 Coordinate method

This method is suitable for problems with known/given coordinates or dimensions, i.e;

FromF=FA

thus F = F cos 6,i + F cos 6,j + F cos 6;k

whereby
d d
O =X =— F.=F*
cos y) ;
d d
cost, =2, =7 F-rt
d d
cosGZ:AZ:EZ FzZFEZ
withd = | /d? +d3 +d2.
dy, _dy, _d . .

= Example 4.3

Determine the 1000 N force in terms of i, j and k.

B¢
Fe 10005\1\&;’

0.8 m T2

0.5 1)
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Solution:
From the figure,

di=—-11m
dy=2.0m
d,=12m

d= @14 d2=/(-11)2 4 (2002 +(12)2 =2.58m

Values of dy, dy and d; can also be determined using the following method:

The direction of the force is from point A to B. Thus;

coordinate of point A: (-0.5, +1.2, +0.8)

coordinate of point B:  (+0.6, -0.8, -0.4)—

(-1.1, 20, 12)
—— =R R~
dy dy d,
then, d = 1/(—1.1)2+(2.0)2+(1.2)2=2.58 m
Therefore,
- dy. dy, d,
F=F—=i+F=j+F=k
p i+ d‘] + P
—1.1 2.0 1.2
_ 1000( ) 1000(—)' 1000(—)k
258/t 25817 258
= —426 Ni+775Nj+465Nk
4.5 Example questions
Exercise 4.1
If the resultant R for Fi, F>, F3
and Fj acts along r-r, find F, =100 1\{ ‘[‘ ]‘
a. magnitude of Fj. b a F1=40Ni+ 15 Nj
b. the resultant R. 3N

c. the components of F,

along a-a and b-b.
Answer: (a) Fy = 38.5 N,
(b) R=12.96 N,

() F3a=55.5N
and F;,_, =934 N
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Exercise 4.2
b
sz o
Determine the resultant R for the five —90Ni+120Nj |/
forces shown and find the two components / a

if R is resolved along a-a and b-b. TAES L
Answer: R =814.2 N, 6 = 63.5°, "
R, ,=1534.3 (15° £) and

Ry,_, = 880.3 (10° <)

Exercise 4.3

Three forces F; = 100 N, F;, and F3 =
120N act on point A. The component of
F, along the x-axis (F>,) is positive. If
the component of the resultant along the
y-axis (Ry) equals 50 N, determine F3, Ry
and R;. Calculate the magnitude of the re-
sultant, R.

Answer: F, = 174.27 N, R, = 166.74 N,
R, =15726 Nand R =234.6 N

Exercise 4.4

Three concurrent forces F; = 800 N,
F, =500 N and F3 each act at points D,
C and B all located on the x—z plane. If the
resultant R of the three forces acts on the
x—y plane, determine the vectors of F3 and
the resultant R.

Answer:

F; = F3(—0.557i—0.743j 4+ 0.371k),

F; =693 N,

R=1591.1 N (6 =78.79° X)
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Exercise 4.5

Particle A is acted upon by three forces;
Fy, F, and F3. Determine the resultant, R.

Exercise 4.6

Given F; = 510 N, F5 = 100 N and
F4 = 645 N, determine
a. F,, if component along the x-
axis of the resultant of /] and F,
equals 90 N,
b. the resultant of the whole sys-
tem.

<7 0.6m 0.6m

Exercise 4.7
F; =100 N

Four forces Fl, Fz, F3 and F4 10 m F3 =300 N
act on point O as shown. Deter- ~  30° A\ [ "5

mine the resultant of the system in
terms R = R,i+R,j+ R.k.

Fy=100N

Z
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Exercise 4.8

e Given F; =200 N and F> = 250 N. De-
termine the resultant, R.

e Determine the magnitude of F; and F;
if the resultant R of the two forces acts
on the y-z plane with a magnitude of
1000 N.

e Given F; = 200 N and the resultant, R
for the two forces acts on the y—z plane.
Determine R and the magnitude of F,.

Exercise 4.9

Determine the resultant R of the system.

Exercise 4.10

Three forces Fi, F> and F3 act on particle
A as shown. Determine
a. The resultant R in terms of
Ri+R,j+RKk.
b. The angle between the resultant R
and the x-axis, Og,.
c. The force Fy, if the resultant of Fj,
F,, F5 and Fy is zero.
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Exercise 4.11

Resultant R = 1000 N of the two forces, F; and
F; pass through the z-axis. Determine the mag-
nitudes of both forces.

Exercise 4.12

Given F; = 510 N, /», = 100 N and
F3; = 645 N, determine the resultant R.

Exercise 4.13

Determine the resultant of the
three forces shown in terms of
i, jand k.
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5.1 Three dimensional equilibrium analysis

For three dimensional equilibrium of particle, the particle is in equilibrium (static)
when;

Equilibium R=) F=0
S Y FEi+Y Fj+) Fk=0

By separating into components (or axes), gives

i component: R, =) F, =0
j component: Ry=) F,=0
k component: R, = ZFZ =0

= Example 5.1 Determine F3 if the system shown is in equilibrium.

o )A)k oS
Fi = 1000N U R = 1000N
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Solution:

F; (using first angle method):

From cos? 6, + cos? 6y +cos? 6, = 1

.c08%45° +cos?60° + cos® 6§, = 1
cos? 6, =0.25
cos 8, = +0.5

observe that 6, is obstuse, .". 6, = 120°

F = Fjcos 6,i+ F; cos 6, + Fj cos 6.k
= 1000co0s45°i + 1000cos 60°j + 1000 cos 120°k
=707 Ni+500N j—500N k

F; (using coordinate method):

d,=0.6m
dy=—-0.7m
d;=0.6m

+d=1/(0.6)2+(~0.72+(0.6) = L.Im

d d d
Fr=F2i+Fh2i+ =k
2 2dl+ 2dJ+ 2

0.6y, ~0.7y, 0.6
- 880<H>1+880<T>J+880(ﬁ>k
— 480 Ni— 560 N j+480 N k

F3 (unknown):

F3 :F3xi+F3yj+F3zk

For equilibrium, Y Fi+YFj+YFk=0; . F +F,+F;=0

i component jcomponent k component

F, +707 N +500 N -500 N
F> +480 N -560 N +480 N
F3 +F3, +F3y +F3;
R 0 0 0
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Solving for each component gives;

i component: 7074480+ F3, =0 — F,=—1187N
J component: 500 — 560+ F3, =0 — F3,=60N
k component: —500+480+F3, =0 — F3,=20N

. F3=—1187Ni+60Nj+20N k

5.2 Example questions

Exercise 5.1

A mass m = 30 kg is supported by
three forces. Determine 77, 75 and 73
to maintain equilibrium. Force 7 is in
y-z plane.

Exercise 5.2
Determine the required tension in cables AB, AC and AD to hold the 50 kg mass in
equilibrium.

6 m
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Exercise 5.3

The 40 kg mass at A is supported by cables
AB, AC and AD. If the tension in cable AC,
Tac = 140 N, determine the tension in cables
AB and AD, and the length d,.

Answer: Tagp = 186.1 N, Tpp = 160 N and
d,=1.16 m,

Exercise 5.4

A 50 kg mass is supported by the structure
OA and cables AB and AC as shown. De-
termine the forces in the structure and the
cables. The system is in equilibrium.

Exercise 5.5

The point A lies on the y-axis and points B and
C are situated on the x-z plane. The system is N 6 m
in equilibrium and the tension in cable AB is 7 30°
kN. Determine the angle 0, the tension in cable  z

AC and the mass m.
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Exercise 5.6
Determine the forces Fi, F>, and F3 so that the system is in equilibrium.

A

6, = 30°

(2m,3m,—4m)

e e
e

40°

Exercise 5.7

The system is in equilibrium.
Determine the tension in cables
AB, AC and AD to support the
100 kg mass.
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Exercise 5.8

The system is in equilibrium.
A 100 kg load is suspended at
E. Determine the tension in all
cables.

Given:
OA=AB=12m
BK =0.8m
OC=09m
OD=0.3m
Exercise 5.9

The 500 N weight at A is supported by a five cable system as shown. Determine the
tension in every cable. Points C, O, A and B are situated on the same x—y plane while
points O, D and E are situated on the same y—z plane.




5.2 Example questions

59

Exercise 5.10

The system in the figure is in equilibrium.
Determine the tension in cable OA, and the
forces Fj and F>.

Exercise 5.11

The mass m is supported by cables AB

and BC, and a force P as shown. If

the tension in both cables AB and BC A
equal 10 kN, determine the force P,
angle 6 and mass m to maintain equi-
librium. The force P is parallel to the
x-z plane.

Exercise 5.12

The mass m is supported at the
position shown by cables AO,
AB and AC. If the tension in ca-
ble AO is 350 N, determine the
tension in cables AC and AB,
and mass m in kg. <

F
)’A 2
60°
o O
N 30 *F
F
z ﬁ m =20 kg
— » X
_’::_ 400
5m
B
P
0 m
YA
O 6 m o
6 m ,//i
A rm
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Exercise 5.13

The system is in equilibrium. If
my = 100 kg determine the ten-
sion in cables AB, AC and AD. Z

Exercise 5.14

The 100 kg mass is supported by
three cables as shown. Determine
the tension in each cable and the
mass m for the system to maintain

equilibrium. 80°

Exercise 5.15

y
C
Ball A with mass of 10 kg rests on a
0.3 m
smooth 30° slope supported by cables 0
AB and AC. Determine the tension in 4 » X
cables AB and AC. /0.4m
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Exercise 5.16

The figure shows a 10 kg mass sup-
ported by three cables. Determine the
tension in cables Txg, Taoc and Tap to
maintain equilibrium.

Exercise 5.17

The mass m at A is supported by three ca-
bles, AB, AC and AD. Points B, C and D
are situated on the x—z plane and length
OB = 1.2 m. If the tension in cable AD
1s 750 N, determine the tension in cables
AB and AC, and the mass m to maintain
equilibrium.
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Analysis of rigid bodies

Previously, only concurrent forces are considered in analyses when bodies are treated
as particles. In reality, forces act at different points of application, so the size of the
body will have to be taken into consideration. Thus the assumption that all forces are
concurrent is no longer valid. Bodies considered in statics are assumed to be rigid. A
rigid body is defined as a body that does not deform. Hence, each of the forces acting
on a rigid body can impart a motion of translation or rotation, or both.

Forces exerted on rigid bodies can be categorized as;
e External forces
Externally applied force or reaction force of other bodies on outer surface of the
rigid body under consideration (applied through contact or joint).
¢ Internal forces
Forces that hold particles forming a rigid body together. This internal force can
only be seen at the parting location of the considered rigid body when it is being
cut.
In Statics course we deal mostly with external forces. Internal forces are studied in
detail typically in mechanics of solid courses.

Moment of a force about a point in 2D

Consider the problem shown in the following figure. A force F is acting on point A of
a rigid body. What is the effect of this force on point B? (where B is another point on
the rigid body). Point B will feel both the force and a rotation due to force F which
is called a moment about a point. Since we are considering only for 2D analysis, both
points A and B are on the same plane. Moment of a force about a point in 2D is a vector
quantity having both magnitude and direction.

000
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0
A Al Point B will experience
@ a pull by force F
) @ Mg @ F @ a rotation due to force F
L~ 39
*'B %5 this is moment !!

For example, the moment of a force F about
a point B, Mp is defined by

where d is the perpendicular/nearest dis- , y
tance between the line of action of the d
force F and point B. Observe that the mo-

ment of force F about point B does not de-

pend on point A, but on the line of action of

the force.

Direction of a moment is referred to as clockwise (OO /CW) or counter clockwise
(O /CCW). For the above example, the force F will generate a clockwise moment
about point B.The usual sign convention is CCW +ve (O+). However, when answering
exam questions, students may choose either CW or CCW as the positive sign but need
to be clearly stated in the answer.

Concept 6.1 — Varignon’s Theorem. The moment of a force about a point
is equivalent to the summation of the moments of the force’s components about that
point.

Concept 6.2 — Principle of Transmissibility. The moment of a force about
a point is the same as long as the force lies on its line of action.

= Example 6.1

F =1000 N
] A 30°
Determine the moment of the 1000 N force about
point B by: 0.3m
(a) definition of moment, 0.4m

(b) resolving the force into it’s components.
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Solution (a):

F =1000 N (O+)Mg=F-d
30°
A & AB = \/ (0.3)24(0.4)2=0.5m
0.4
0.4 m /BAF = 30° +tan~! 03~ 83.13°
d
Mg sin/BAF=-—— = d=0496m

.. Mp = (1000 N)(0.496 m) = 496 Nm(0)
Solution (b):

F, =1000sin30° = 500 N

Fy =1000c0s30° = 866 N

A

. A (O+)Mg=F-d
0.4 = +(10005sin30°)(0.3 m) 4 (1000co0s 30°)(0.4 m)
o =150+345.8
N =496 N.m(0)
¢ 5] B
0.3m

= Example 6.2

0.4
Determine the moment of the 1000 N force about = s
point B by resolving the force into its components 03m
and use the result to find the shortest distance be- F =1000 N
tween the line of force and point B. o 130°
Solution: A
0.4 m
A—) ;] (O+)Mp=F-d
0.3m |\|F, = 1000sin30° N = +(1000sin30°)(0.4 m) — (1000cos 30°)(0.3 m)
=200—259.8 = —59.8 Nm(0)
A ™ F,=1000cos30° N . .Mp =59.8 Nm(0)
04m BN
—'T/yv

d (O+)Mp=F-d
F=1000N 598 Nm = 1000N-d
-.d=0.0598 m = 0.06 m

30°
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6.3 Example questions

Exercise 6.1

800 N

Determine the moment of the 800 N force
about point B. All dimensions in m.
Answer: Mg = 8000 Nm (0)

Exercise 6.2

Determine the moment of the forces about
point P. All dimensions in m.
Answer: Mp = 2484 Nm (O)

400 N

Exercise 6.3

50N

Determine the moment of the two 50 N 2 3
forces about points A, B and C. All dimen- B
sions in m.

50N E

12
I \g 4600
4 m

N,

Exercise 6.4

Determine the magnitude of F3 if the mo-

ment of all the forces about point A equals

4800 Nm (©). Given F; = 300 N and
=400 N.

Answer: F3 = 1592.7 N
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Exercise 6.5

The arm OA is pin jointed at O where
OA = 200 mm. Determine the moment of F
the force P about point O using : O,
a. the definition of moment. |
b. Varignon’s theorem (rectangular L
components of forces).
c. parallel and perpendicular compo-
nents of OA. A

Exercise 6.6

Determine the moment of the force 100 N | R
about point O using : 5m 20100 =
a. components of the force at A.
b. components of the force at B, by first W6OO :"‘".B
transmitting the force at A to B. 10 m 0
Determine the shortest distance between the

line of action of the 100 N force and point O.
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Moment of a force about a point in 3D
Moment about a point in 3D is given by the cross product of position vector r and force
vector F as
M=rxF
where;

r = position vector
start — the point where moment is taken
end — the point where the force acts
r=rd+nrj+rk
and F=Fi+Fj+Fk

therefore moment about a point M is;
M = (ryd+ ryj + 1K) x (Fd+ Fj + Fk)

For solving the moment equation, the concept of vector cross product is used. In 3D
analysis, r and F are resolved into unit vectors i, j and k components corresponding to
x,y and z axis, respectively. These axes are always 90° to each other and 0° with respect
to themselves. Since sin90° = 1 and sin0° = 0, the cross products of unit vectors are;

ixi=0 jxi=-k kxi=j j
ixj=k jxj=0 kxj=—i VA
ixk=—-j jxk=i kxk=0 k i
~—~
Therefore, moment can be obtained as;
M= ("xFy)k — () — (rny)k + (rsz)i + (rFx)j — (rsz)i
= (nWF, —rF)i+ (rFx — r)j + (B — ryFo )k

000
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Concept 7.1 Vector cross product

+y
+z /
A +
+k
Operation Magnitude Direction
PxQ PQsin 6 —k
QxP PQsin 0 +k
Right hand
P P
+i BxQ7 0 rule
-k
% \ +x

S M= (nF)i+ (rF)j + (reFy )k — (rFy)i— (reF)j — (ryFo)k
= (ryF; — rzFy)i+ (r:Fe — ixF2)j + (raFy — ryFr)k

= Example 7.1

(a) Determine the moment of force F = 3000 N
about point A.

(b) Determine the shortest distance between
point A and line of action of the force.

Solution (a):

Mj =rac X Fep



7.1 Moment of a force about a point in 3D 71

Fcp =  Fep =FepAcp

d d d fromCtoD:
=Fep (EXH_ Eyj + Ezk> dy=—-04m
=3000( =i+ =i+ 57K) d,=22m
=—400Ni—2000N j+2200 N k s.d=3.0m

@ Vector r can be chosen from either
rac or rap because both points C and D
rap=—04mi+34mk gz on the force vector line.

r= rac=20mj+12mk

For the purpose of this exercise, lets choose rac;

My =rac X Fep
—(2.0mj+ 1.2 mKk) x (—400 N i — 2000 N j +2200 N k)
— (2.0 m)(—400 N)(—k) + (2.0 m)(2200 N)(i)
+ (1.2 m)(—400 N)(j) + (1.2 m)(—~2000 N) (i)
=800 Nm k + 4400 Nm i — 480 Nm j + 2400 Nm i
=6800 Nm i —480 Nm j + 800 Nm k

the result will be the same if rop is chosen.

Solution (b):

My =\ /M2 + M2+ M2 = /68002 + (~480)2 + 8002 = 6863.7 Nm

My 6863.7
fi My=Fd=>d=—=——"-=22
rom My 7 3000 88 m
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@ WhyM=rxFnotM=Fxr?

Consider our previous 2D moment about a
point problem represented in a 3D form. Here, Mg =rga X Fa
both points A and B lies on the same plane. Thus Q

the moment produced by force F at point B is a Right hand rule

2D moment on this plane. The magnitude of this
moment is given by;

Mg =F\.d
:FA-(7BA sin 9)
=|rga x Fa|

The direction of this moment should also follows
the right hand rule. Therefore, this proves why the
moment equation must be M =r X F and not M =
Fxr.

Moment of a force about an axis in 3D

Moment of a force about an axis is defined as
Maxis = Aaxis * Mpoint ie. Map=AaB-(Mjy or Mp)
where;

Mxg = moment of force F about axis AB
AAB = unit vector from A to B
M, or Mg = moment of force F about point A or point B

Moment of a force about an axis is a scalar quantity due to the vector dot product
operation. In a nutshell;

o
Unit Moment of the force about
Moment of a force vector of ) )
. = . dot any point on that axis
about an axis (scalar) the axis
(vector) (vector)
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Concept 7.2 Vector dot product

Operation Magnitude Direction

P
P-Q PQcos6 not associated
0 QP PQcos6 not associated
Q

P-Q=Q-P

In 3D analysis, vectors are resolved into unit vectors i, j and k components corre-
sponding to X, y and z axis, respectively. These axes are always 90° to each other and
0° with respect to themselves. Since cos90° = 0 and cos0° = 1, the dot products of
unit vectors are;

i-i=1 ji=0 k-i=0
i-j=0 j-j=1 k-j=0
i-k=0 j k=0 k-k=1

Vector dot product can also be used for following applications;
e To determine the angle between two vectors.
e To determine the perpendicular / 90° / nearest distance between two vectors (the
line of action).

= Example 7.2

Determine the moment of force vector F
with magnitude 3000 N about the axis AB.

Solution:

Mag = AaB- (Mo or Mp)

— —
Mag =AaB -Ma = AaB - (rac XFcp) = Aag - (rap x Fep)
Mg Mg

— ——
=AaB-Mp = Aap - (rBc X Fep) = AaB - (rBp X Fep)
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Observe that Axg and Fp are common to all equations, the difference is in the posi-
tion vector r. Unless otherwise stated, it is advisable to choose the ’simplest’ r.

AAB = AaB =AaBxi+ Aapyj + AaB K from A to B:
_dy D Gy dy=24m
d d° d dy=—24m
24, —24. 12 y =%
=—i+—j+—Kk d;=12m
36 367 36 e sem
—3'73173
Fep =  FepAop from C to D:
de, dy, d d,=—-04m
ot 4514 =
o\ Tty dy=—2.0m
-04, -20. 22 d=22m
:3000( i+ ——j+ Tk 2= 2
3 3 9773 d=30m
=—400Ni—2000N j+2200 N k
rac=20mj+12mk @ Vector r can be chosen from ei-
rap=—-04mi+34mk ther rac, rap or rgc. Vector rgp

should not be chosen as it is the

rgc=—24mi+44mj “hardest’ to use

rgp=—2.8mi+24mj+2.2mk

For the purpose of this exercise, lets choose rac.

Mag =AaB - (rac X Fep)
B (2 2. 1

gi—§j+§k)~ [(2.0mj+1.2mk) x (=400 N i —2000 N j+2200 N k)

- (%; _ %j n %k) : [(2.0 m)(—400 N)(—k) + (2.0 m)(2200 N)(i)

+ (1.2 m)(—400 N)(j) + (1.2 m)(2000 N)(-i)]

2. 2. 1
:(gi— §j+§k) - (800 Nm K -+ 4400 Nm i — 480 Nm j + 2400 Nm i)
2. 2. 1
:(gi— Si+ gk) . (6800 Nm i — 480 Nm j + 800 Nm K)
2 2 1
- (5) (6800 Nm) + (— §) (—480 Nm) + (+ §) (800 Nm)
13600 960 800

= =5120N
3—i-3+350m
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Checking, using a different r, choose rap.

Mag =AaB - (rap X Fcp)
2. 2. 1
:<§i—§j+§k> : {(—0.4mi—|—3.4mk) % (—400 N i—2000 N j +2200 N k)
2. 2. 1 .
- (gl —5i §k> : {(—0.4 m)(—2000 N)(k) + (0.4 m)(2200 N)(—j)

+ (3.4 m)(—400 N)(j) + (3.4 m)(—2000 N)(-i)]

2. 2. 1
- gi—gj—i—gk)-(800Nmk—|—880ij—1360ij+6800Nmi)
2.1
i—gj-i—gk)-(6800Nmi—480ij—|—800Nmk)

) (6800 Nm) + ( %) (~480 Nm) + ( + %) (800 Nm)

3600 960 I 800
3 3 3

=5120 Nm

@ The (+ve) answer shows that the direction of the moment about the axis AB is
from A to B. Use the right hand rule to determine the direction of rotation (with the
thumb directing from A to B). The reverse is true if the answer is (—ve).

7.2.1 Angle between two vectors
Consider the angle between vectors P and Q as shown. The vectors
are written in terms of its components in i, j and k as;

P:Pxi+Pyj+sz Q:Qxi+Qyj+sz
therefore using vector dot product gives;

P.Q =(Pi+ Pj+PKk)- (Qxd+ Q0)j+ O-k)

:PxQx+PyQy+PzQZ P
=PQcos 0
0
knowing that Q

P=./P2+P2+P?, and Q=,/Q+Q+(Q?

thus

PO+ P,Qy+ P,Q; = PQcos O
PxQx+PyQy+PzQZ
PQ

.cos0 =
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It can be concluded that as long as the components of the two forces are known, the
angle between then can be determined using vector dot product.

= Example 7.3
Determine the angle between vectors, P = 6i+ 6j — 7k and Q = —61i+ 33j — 30k.

Solution:
g Qs +z;y)gy +PO;
POx+P,0y + P.Q: = (6)(—6) + (6)(33) + (—7)(—30) =372
P= [P+ P2+ P2 = /(67 + (67 + (-T2 =11
0= /02+ 05 +02 = /(-6 +(33)2+ (~30)2 = 45
cos 6 :L =0.7515 = 6=41.38%°

(11)(45)

7.2.2 Nearest distance between two vectors

The moment about an axis and the vector dot product operation can also be used to
determine the perpendicular or 90° or nearest distance between two vectors (or vectors
line of action). Consider a generic vector F. Its component that is parallel with an axis
is given by

F parallel = Aaxis * F

By using the Pythagoras theorem, the magnitude of the perpendicular component of F
referring to that axis is

|Fperpendicular| = \/ (|F|)2 - (|Fparallel|)2

or

F perpendicular = \/ (F )2 - (F parallel)2
From the definition of moment about an axis,
Myxis = K perpendicular * d

with d as the perpendicular distance between the line of force F with that particular
axis. Hence;

Maxis

d=—"225
K perpendicular
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= Example 7.4

Determine the perpendicular/shortest dis-
tance between the line of action of force
F=—-400Ni—2000 N j+2200 Nk and
the line AB.

Solution:
From Example 7.2, Myyis = Mag = 4586.7 Nm and F = 3000 N.

F, parallel — AAB B

2. 2. 1
- (—i——j——k) -(—400 N i — 2000 N j + 2200 N K)

377373

_ (%) (—400 N) + (%2) (—2000 N) + (?) (2200 N)
I I I 1

— —5(800) + £(4000) - 5 (2200) = 5(1000) N

F perpendicular — \/ (F )2 - (F paral]el)2

1000+ 2
= \/(3000)2 = (T) —2981.42 N

Maxis o 45867
K perpendicular 2981.42

cod= =1.538m

7.3 Example questions

Exercise 7.1

Determine the moment of the P = 150 N
force about the diagonal BA.
Answer: Mga = 15.2 Nm 0.3 m
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Exercise 7.2

The force F = 700 N acts along the
line CD. Determine the moment of F
about the OA axis.

Exercise 7.3

To maintain the door OABC at the position shown, the force F at point A needs to
generate a moment of —80 Nm about the OC axis. Find the magnitude of F'.
Answer: F =111.11 N

Exercise 7.4

The plate is acted upon by force
P =3640 N as shown in the figure.
Determine the moment of the force
about the OA axis.
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Exercise 7.5

The F =700 N force acts on the frame as
shown. Point B is the mid point of AC.
Determine:
a. the moment of F about point A.
b. the moment of F" about the GA axis.
c. the frame ABC and the force F lie
on the ACED plane. Explain why
the moment of F about the diagonal
AC equal zero.

Exercise 7.6

The force F = 56 N acts on the door knob
B as shown. Determine the moment of F
about O and about the OA axis.

Exercise 7.7

Determine:

a. The moment of force
F =42 N (acting at A)
about point B.

b. The perpendicular dis-
tance between the line
of action of the force
and point B.

F=56N
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Exercise 7.8

Determine the moment of the force P
about point B and about the diagonal AB.

Exercise 7.9

Two  forces, Fi =800N and
F, =2000N act at point C on
the inverted L shaped frame as shown.
Determine the moment about point A.
Answer:

M, = 1600 Nmi + 2400 Nmj —
4000 Nmk

Exercise 7.10

Determine the moment of the force F about the line AB.

y

A 1.2m

A

2

0.6 m

0.7 m

0.2m
F=55N
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Exercise 7.11

Determine:
a. The moment of the force
P = 1000 N about point A.
b. The nearest (perpendicular)
distance between point A

and the line of action of
force P.

Exercise 7.12

Two forces, a 300 N acts at O and a

500 N acts at B as shown. Determine
the moment generated by these forces
about point A.

Given OA = OB =2 m.

Exercise 7.13

Two forces act on the bent rod as
shown. Determine the moment of
the forces along the diagonal OC.

W)

O

1 m "

F = (4i+12j) — 3k) kN
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Exercise 7.14

The force F acts at point D as
shown in the figure. Determine
the magnitude of the moment of
the force about the base line CA
of the tripod.

Given
F = —20Ni— 80 Nj+ 50Nk

Exercise 7.15

W 36.87°
A
O X
Determine:
a. The moment of the 220 N force <
about point O. A
b. The moment of the 220 N force 22.62
about the diagonal OB. [_\________,,
Given OA = 0.13 m. FAIR | T
0.7m Lo _é____i

s
s
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Exercise 7.16

The figure shows a force F' = 350 N acting at A. Determine:
a. The moment of force F' about point O.
b. the moment of force F' about point OC axis.

y
A 500 mm |
O ''''''''''''''' =N ‘ »_X
7
/ SR ’. \.\ 200 mm
/ ,’, : ,// : & =
300 /,_ — _: _______ e : ,'/
4 e \ . 4 300 mm
C | FNY
250 mm! A
Y ] v 150 mm
250 mm

Exercise 7.17
The 520 N force is acting at point E as shown. Determine the moment of the force
about the AD axis.
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Exercise 7.18
Calculate the moment of force F' about point O. Determine the perpendicular distance
from the line of action of force F' to point O.

F =2000 N

Exercise 7.19

Determine the moment of the
500 N at A about point O.

0.3m

F=350N




7.3 Example questions

85

Exercise 7.20
Determine:
a. The moment of the force P = 1000 N about point A.
b. The nearest distance between point A and the line of action of force P.

Exercise 7.21

Determine the moment of the

forces shown about point O. All dimensions

in mm

A——
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Exercise 7.22
Determine:
a. The moment of the force P = 200 N about point A.
b. The nearest distance between point A and the line of action of force P.

yA AT ,’, A
p_zoon &=4 60
i aTTT /*-:)
I/I //,,0.3 m
0.4 m "
30°
4

Exercise 7.23

Determine the moment of the two
forces F; and F, shown about
point A.

Exercise 7.24

Determine the moment of the 500 N
force acting at point B about the OA
axis.
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Concept of couples

In a simple terms, couple is a pair of forces that have
e the same magnitude

e opposite directions with respect to each other
e parallel line of action

2D couples
The concept of two dimensional couple is better illustrated by the following example.

= Example 8.1

100 N

Observe that in the example 8.1, moments produced by the couple at different points
have the following relationship;

Mp = Mg = Mc = Mp.

Thus, moment produced by a couple is independent of the point the moment is taken.
The moment from a couple is a free vector, meaning that the moment can be placed
anywhere on the rigid body.

000
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Magnitude of the moment of a couple equals the force magnitude times the perpen-
dicular distance between the line of action of the two forces, M = F - d. The moment
of a couple can be represented using these symbols;

M- e (V-

Two couples are the same if the resulting moment are equal (magnitude and direction)
AND both couples are on the same or parallel planes.

Concept 8.1 Equivalent couples (2D) The following couples are equivalent.

Addition and subtraction of couples in two dimension is made based on the couple
rotation directions.

Concept 8.2 Addition and substraction of couples (2D)

3m
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8.1.2 3D couples

The concept of couples also applies to three dimension as shown in the following ex-
ample.

= Example 8.2

Observe that the moment of the couple is
independent of point O.

Concept 8.3 Equivalent couples (3D)
Moment of the couples shown are
equivalent if

M=rpxP=rgxQ

and make sure that both couples are
on the same or parallel planes.

Addition and subtraction of couples (3D) is made by adding/subtracting the compo-
nents of couples involved.

Concept 8.4 Addition and subtraction of couples (3D)

M| =M, + Myj+ M,k
My =Mp,i + Mpyj + M k

y“
M, Addition:
M;
0) M =M, + M,
M = (M + Moy )i+ (Miy + Moy )j+ (M1 + Mo, )k
< Subtraction:
X

M=M;—-M,
M =M, — My )i+ (Myy — Mpy)j+ (M, — Ma, )k
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= Example 8.3

Replace the two couples shown in the
diagram with one equivalent couple.
(all dimensions in m)

Solution:

for the 18 N couple == Mj =r x F

The 18 N forces are parallel to z-axis. Hence any vectors connecting the force lines
can be use as vector r. Following are two simplest choices;

ifF=4+18NKk,thenr=—-03mi
ifF=—18NKk,thenr =403 mi

both options will produce the same result. Thus;
M; = (—0.3mi) x (+18 NK) = (+0.3 mi) x (—18 Nk) = 5.4 Nm j

for the 34 N couple = M, =r x F

determine the components of force F;

F:FA:F(%i-I—%j—l—%k)

taking F at C; thus

d =v/0.152+0.082 +0.172 = 0.2404
015 . —0.08. —0.17 k)

F= 4N(
(34N 92204t 022088 T 02404
—212Ni—11.3Nj—24Nk

position vector r from D to Cis r = 0.17 m k. Therefore;

M, =(0.17 mKk) x (21.2Ni—11.3 N j—24 N k)
=(0.17m )(21.2 N)(j) + (0.17 m ) (—11.3 N)(—i)
—=1.921 Nm i+ 3.604 Nm j

M =M, +M, =54 Nm j+1.921 Nm i+ 3.604 Nm j
=1.921 Nm i+9.004 Nm j
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8.1.3 2D force-couples system

This concept is used to move force from one location to the other location. For example
to move a force from O to A as shown in the following;

Concept 8.5 Force-couple system

M=Fd F
A
F = =
) 0 an equivalent
force-couple
0] 0] system

Or simpler, to move a force to a different location (from O to A for example)
e Find the moment of the force about point A.
e Detach the force and place it at point A.

= Example 8.4

Replace the force at C with an equivalent
force—couple system at

(a) point A,

(b) point B.

Solution (a):

(+ O)Ma =Fd
=(56 N)(1.85in50° m)
=77.2 Nm

.". the force-couple system at A:

77.2 Nm

A~
56 N
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Solution (b):

(+ O)Mg =Fd
=(56c0s20° N)(1.0sin30° m)
+ (5655in20° N)(1.0cos30° m)

.". the force-couple system at B: 15in30° m
—

42.9 Nm 1 cos 300 mI
B~L_20°
56N A

56¢0s20° N

56sin20° N

The force—couple system at B can also be found starting from the force—couple sys-
tem at A because the systems are equivalent. Therefore;

(+ O)Mg =Fd
=77.2— (56 N)(0.8sin50° m)
=42.9 Nm

.". the force-couple system at B:

= Example 8.5

Replace the system of forces and a couple
acting on the rigid body with an equivalent
force—couple system at point D.

Solution:

Determine the angle of the 212 N force;

2.
/CBE = tan! % —27.85°
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Taking moment about point D;

(+ O)Mp =+ (180 N)(2.8 m) — (88 N)(0.8 m) — (2125in27.85° N)(5.3 m)
— (100 N)(1.0 m) + (125 Nm)
= —66.3Nm
. Mp =66.3Nm(0)

Determine resultant of the forces;

(—+) ) F =R,
R, =212¢0s27.85° N+ 100N —- 180N = 1074 N
(1 "‘)ZFy =R,
Ry, = —212sin27.85° N—88 N = —187 N
- Ry =187 N({)

R, =1074N

R=+/107.42+1872 =215.65N

187

_1 o
— ' —60.1

0 =tan 107, 60.13

Therefore the force—couple system at point D is;
66.3 Nm
@\?
60.13°
215.65N

@ From the previous example, it can be concluded that the procedure to reduce a
system of forces to a single force—couple system (i.e. at point A) are;

i. Find the moment of all forces about point A.

ii. Determine the resultant of all forces and place it at point A.
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8.2 Example questions

Exercise 8.1
8 kNm
3m O 3m
Replace the forces and couple system in C_._._._.________{__.__;_1;\_1 ————— k
the figure with an equivalent force—couple 2m )
system at P. 60
Answer: Rp =2.097 kN (6 = 81.6°4) and :
Mp = 12.84 kNm (O) 6 kN 3m |
5 i
2/ 4m |
Exercise 8.2
Replace the system of forces 125N 350N 850N

in the figure with an equivalent
force—couple system at P.

Answer: Rp = 375 N (1) and P
Mp =925 Nm (O)

Exercise 8.3

Replace the forces and couple
system in the figure with an equiv-
alent force—couple system at C.

Exercise 8.4

Replace the system of forces and cou- 10kN

ples in the figure with an equivalent : i
force—couple system at A. i 1_3 _________ q 35 KNm
T 500mm C
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Exercise 8.5

Replace the system of forces in the figure with an equivalent force—couple system at

D. All dimensions in mm.

Exercise 8.6

Replace the system of forces in the
figure with an equivalent force—couple
system at O.

Exercise 8.7

Replace the forces and couples sys-
tem in the figure with an equivalent
force—couple system at C.

150 N

L 8 m F=6kN
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Exercise 8.8

Replace the forces and couple sys-
tem in the figure with an equivalent
force—couple system at A.

Exercise 8.9

Replace the forces and couple sys-
tem in the figure with an equivalent
force—couple system at B.

Answer: Rg = 4.512 kN (6 = 4.2°7)
and Mg = 2.83 kNm (O)

Exercise 8.10

200 N A

i

i 300
Replace the system of forces in the 200 N :
figure with an equivalent force—couple (_"\_\ 300 300 N
system at B. All dimensions in mm. B X

60° R 300
sooN D

Exercise 8.11

200N
<€——$D
Replace the system of forces in the 500 N A /,/'
figure with an equivalent force—couple _): 60° C gF 400
system at B. All dimensions in mm. :/\ /_/"
200 § ¥ 750 N
= 300
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Exercise 8.12
200 N

40 Nm
‘E :5 80N
300 ---------- —ﬁ

i A
Replace the system of forces and cou- ‘
ples in the figure with an equiva-

. 15 Nm
lent force—couple system at A. Given #
AB=BC=CD=0.2m. 1y
) &
250 150 N

Exercise 8.13
Replace the system of forces and couples in the figure with an equivalent

force—couple system at D. All dimensions in m.
Answer: Rp = 114.8 N (6 =25°x) and Mp = 6.34 Nm (O)

Exercise 8.14

0.08m W\

Replace the system shown in the figure with an
equivalent force-couple system at B.
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Exercise 8.15

Replace the system of forces and couple in the figure with an equivalent

force—couple system at A.

50 kg

Exercise 8.16

Replace the system of forces and
couples in the figure with an
equivalent force—couple system at
B.

Exercise 8.17

> x

AB = 250 mm
BC = 100 mm
CD = 300 mm

M =50 Nm \ﬁo
0.5m F5=100N

'_)FZZSON

Rigid body AOBC is acted upon by the forces and couple as shown. Replace the

system with an equivalent force—couple system at point O.

150 mm

148 Nm (A
\|O

A

160 mm

150 mm

B

400 N

60°
320N
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Exercise 8.18

The rigid body ABCDEEF is acted upon by forces and couples as shown in the dia-
gram. Replace the system with an equivalent force-couple system at E.

100 N
1 kNm
<" E
180 N
|
A T i AB=BC=DE=2m
DF=4m
Length CD is not given.
40N
Exercise 8.19
9 kNm S kN
60°
Ce
A rigid body supports the loading shown. 6 KN 2m
Determine an equivalent force—couple sys- /
tem at A. B ¢ \T/ {Q
3 o]
2 m 8 kN
2m

Exercise 8.20

A rigid body supports the loading

shown. Replace the given system with

an equivalent force—couple system at
A. Points B and D are mid points of
AC and CE respectively.
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Exercise 8.21
The figure shows a rigid body ABCDE acted upon by two forces and a couple. De-
termine an equivalent force-couple system at A.

40 cm 15N

Exercise 8.22
A couple of 5 kNm and two forces of magnitude 10 kN and 6 kN acted on the rigid
body shown. Determine an equivalent force couple system at C.

10 kN
5 kNm
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9.1 Equilibrium condition in 2D

The differences between equilibrium conditions of particle and rigid body in two di-
mension (i.e. x-y plane) are shown in the following table;

Equilibrium conditions

Particles YF=0 and YF =0
Rigid bodies Y} Fx=0 and Y} F,=0 and Y} M, =0 (where A is any point)

For solving the equilibrium conditions, free body diagram (FBD) of the rigid body
is needed to identify the relevant forces and moments.

9.2 FBD for 2D rigid bodies

Procedure for drawing FBD is;

e Draw the boundary of the chosen section and detach/separate it from all other
bodies,

e For body with a mass, put the weight = mg acting at the centre of gravity (G) of
the body in the vertically downwards direction,

e Input all external forces acting on the body, For systems involving cables, the
force of the cable must act outwards of the body, i.e. the cable must be in tension,

e Put the reaction/s where the body touches or connected to a different rigid body,

e The FBD should also include dimensions for the process of taking moment.

When supports or connections on the rigid body are removed, they are replaced with
reaction forces and/or reaction moments. These information are summarized in Tables
9.1 and 9.2.
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Table 9.1: Reaction forces/moments for respective supports/connections in 2D

Supports / Reaction forces / Notes on reaction forces /
Connections moments moments
A force with a known Perpendicular to the surface
e Rollers . . .
line of action and must point towards the
e Rockers
. . free body
e Frictionless
surface
A force with a known Perpendicular to the rod/slot
e Collars on

frictionless rod
e Frictionless slot
e Double track
rollers (reversible
single track
rollers and
rockers)

line of action

and can be directed either
way (not both)

e Frictionless pin

Two force components,
involving 2 unknowns

Usually represented by their
x and y components that are
normally assumed

e Rough surface

Two force components,
involving 2 unknowns

One perpendicular to the sur-
face and must point towards
the free body and the other
90° to it (tangent to the sur-
face) that can be directed ei-
ther way (not both)

e Fixed support
e Welded joint

Two force components
and one couple, involv-
ing 3 unknowns

The force components are
usually represented by their
x and y components that are
normally assumed. The sense
of the couple can be arbitrar-
ily assumed, the sign of the
answer will indicate the cor-
rect direction
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Table 9.2: Summary of reaction forces/moments in 2D

Supports / Connections

Reactions

Y

frictionless
surface

rollers rollers rockers

90° to the surface and
towards the body

frictionless
slot

collar or
frictionless rod

A(
R B

either A or B,
NOT both

frictionless pin

2 unknowns

rough surface

®

2 unknowns :

1. 90° to the surface and
towards the body

2. Either upwards or
downwards the incline

A P A F
fixed support welded support




104 Rigid bodies : Equilibrium 2D

= Example 9.1

Draw the Free Body Diagram for the C Q

. . ®
mechanism shown. Mass of bodies is neg- | N\ D -
ligible unless stated by m. All contact- e ? |')| A
ing surfaces are smooth unless otherwise B
stated.
Solution:
Overall FBD

The procedure is as follows;

e Draw the boundary of the re-
quired body

e Put the weight W = mg when m
is given/known

e There are no external forces in

this example C SN
e Reactions: @:D
- T T %
Remove pin joint at & 2 oA
— 2 components of reac- B ] """""" 4 "

tion, Ay & Ay
— Remove roller at C
— 1 force directed to the

body, Rc C Ay
— No reaction at B because Re | @

the pin is not removed O ? ©— Ay
— No reaction at D because *

the roller is not separated mg

from body (considered as

one unit)

— No reaction at pin at centre
of roller because the pin is
not removed
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FBD of member AB

The procedure is as follows;

e Draw the boundary of the re-
quired body
e Put the weight W = mg when m
is given/known
e There are no external forces in
this example
e Reactions:
— Remove pin joint at A
— 2 components of reac-
tion, A, & A,
— Remove pin joint at B
— 2 components of reac-
tion, By & By,
— Remove roller at D
— 1 force directed to the
body, Rp

FBD of member BCD

The procedure is as follows;

e Draw the boundary of the re-
quired body
e No m is given/known
e There are no external forces in
this example
e Reactions:
— Remove pin joint at B
— 2 components of reac-
tion, B, & B,
— Remove roller at D
— 1 force directed to the
body, Rp
— Remove roller at C
— 1 force directed to the
bOdy, Rc
— No reaction at pin at centre
of roller because the pin is
not removed at D
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= Example 9.2

Draw the free body diagram for the mecha-
nism shown. Mass of bodies are negligible
unless stated by m. All contacting surfaces
are smooth unless otherwise stated.

Solution:

QOverall FBD

The procedure is as follows;

e Draw the boundary of the required body

e Put the weight W = mg when m is
given/known.

e The external force, the cable, must direct out-
wards of the body. Since part of the cable exit
and enter the boundary, the two forces cancel
each other, as shown in the solution below.

e Reactions:

— Remove pin joint at D
— 2 components of reaction, Dy & D,
— Remove roller at F
— 1 force directed to the body, R
— No reaction at other pins and roller be-
cause they are not removed

Most popular solution Acceptable solution, but unnecessary
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Free Body Diagram of member BCD

The procedure is as follows;
e Draw the boundary of the required body
e No m is given/known.
e The external force, the cable, must direct out-
wards of the body.
e Reactions:
— Remove pin joint at D
— 2 components of reaction, Dy & D,
— Remove pin joint at C
— 2 components of reaction, C,; & Cy
— Remove roller at B
— 1 force directed to the body, Rp

Free Body Diagram of member ACEF

The procedure is as follows;
e Draw the boundary of the required body
e No m is given/known.
e The external force, the cable, must direct out-
wards of the body.
e Reactions:
— Remove pin joint at A
— 2 components of reaction, Ay & A,
— Remove pin joint at C
— 2 components of reaction, C,; & Cy
— Remove roller at F
— 1 force directed to the body, Rp
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Free Body Diagram of member ABG

The procedure is as follows;

e Draw the boundary of the required body
e Put the weight W = mg when m is given/
known.
e There are no external forces in.
e Reactions:
— Remove pin joint at A
— 2 components of reaction, Ay & A,
— Remove roller at B
— 1 force directed to the body, Ry

@ The sense (direction) of force components ~— Rp
at the pins are arbitrarily assumed.
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= Example 9.3

Taking into consideration Newton’s Third Law and two force members where appli-
cable, complete the Free Body Diagrams on the right. Mass of bodies is stated as m
and all contacting surfaces are smooth unless stated otherwise.

Solution:
Free body diagrams
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= Example 9.4

Taking into consideration of Newton’s Third Law and two force members where ap-
plicable, draw and complete the Free Body Diagram (in 2 dimension) for members |
and II of the excavator shown. Mass of members is negligible compared to load P.
All contacting surfaces are smooth unless stated otherwise.

Solution:

Member I Member I1
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= Example 9.5
Taking into consideration Newton’s Third Law and two force members where applica-

ble, draw and complete the Free Body Diagrams of the main bodies of the mechanism.
Mass of all members is considered negligible unless stated by m. All contacting sur-
faces are smooth unless stated otherwise.

Main Bodies:
BCIJK, DEHIJ and GH

Solution:
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= Example 9.6

Taking into consideration Newton’s Third Law and two force members where applica-
ble, draw and complete the Free Body Diagrams of the main bodies of the mechanism.
Mass of all members is considered negligible unless stated by m. All contacting sur-
faces are smooth unless stated otherwise.

m
G
E
Solution: G,
Cx
Fgp E
FaB Iap / F,
mg
Fy
H, F
X
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9.3 Analysis approach

Procedures for solving the 2D rigid body equilibrium problems are as follows;
e First, sketch the Free Body Diagram.
e Solve the problem based on the equilibrium conditions (}. F = Y M = 0) either
using equations;
1) YFkx=0, YF,=0, YMu=0 (arbitrary point A)
(i) YF, =0, YMp=0, Y Mp=0 (arbitrary points A and B)
(iii)) Y F, =0, YMp=0, Y Mg=0 (arbitrary points A and B)
(iv) YMp =0, YMp=0, Y Mc =0 (arbitrary points A, B and C)

@ Moments can be taken at any points, even from points outside the body. Since
there are only 3 equations, there must be only 3 unknowns in the problem!

= Example 9.7

1.0m 0.3m
ﬂ 150N
[ S e e e b e 0, SOy
B .~
Determine the reactions at A and A 0.3 m
D of the rigid body shown in the Cl=+480N
diagram. 0.5 m

Solution:

Draw FBD of the rigid body;

1.0m 0.3m
iy
A L 8
0.3 m
Ay 80N
0.5m
N\ 45°

Dy = Dcos30° D

/4 D, = Dsin30°
30°

The equations from the equilibrium condition are used to solve the problem. The
common practice (not necessarily) is to use the moment equation first, taking moment
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about the point of intersection of two lines of action of 2 unknowns, directly solving
for one unknown. By taking moment about point A and taking summation of forces
along x and y axes yield;

(+ O)Ma =0
=+ (50 N)(1 m)+ (80 N)(0.3 m) — (Dcos30° N)(1.3—0.8)
— (Dsin30° N)(0.34-0.5) =0
-.D=88.8N 130°
(+—) ) F =A,—80+Dsin30° =0
=A,— 80+ (88.8)sin30° =0
S A=356N (=)
(+1))_Fy =Ay—50+Dcos30° =0
=Ay — 50+ (88.8)cos30° =0
- Ay=—269N (1)
=269N ({)

Solve for reaction at A;

A, =356N
: =, /A2 =1/35.624+26.92=44.6N
_ Ay 1269 o
0 =tan a, tan 356 37

A=446N X37.1°

9.4 Two force member

Consider the rigid body shown with forces acting at point A and B (2 points only). For
equilibrium, } M = 0. At point A, for }. M4 = 0, the force at B must act along the line
AB. On the other hand, at point B, for } Mp = 0, the force at A must act along the line
AB as well. Therefore, the two forces must act along the line AB as shown.

The are two possibilities for the forces, either causing the body to be in tension or
compression. For equilibrium, }_ F = 0. Thus, both forces at point A and B must have
the same magnitude but in opposite sense.

" body in compression

F

F

@ A two force member is a rigid body of negligible mass with only two forces
acting on it.
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= Example 9.8

0.7m
a ‘ C
--------------------- ) EE———T )
Determine the reactions at A and i 1B *
D of the rigid body shown in the 0.3 m 5 ! 100 N
diagram. ; i
D !
0.4 m
Solution:
Draw the FBD;
. 0.7 m
2] g
Observe that there are 4 un- g o e op—— =9
knowns.  Note that BD is a T Ay 1B *
two—force member, with a known 03 m : 100 N
line of action. Thus by knowing : :
this, the new FBD is as follows; D, | i
Y .
DyT 0.4 m
0.7 m
A 7
Ax ///
--------------------- - —--—---9 C
1B
0.3m TAY e d i Y
\ e | 100 N
Di |
assumed ?;)—/‘; """"""""""" - 6 =tan~'(J2) =36.87°
direction :
‘ 0.4 m
Fgp

Solve using the equilibrium conditions. Moments is taken at point A (intersection
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point of 2 unknowns).

(+ O)Mp =0

=+4100(0.7) + Fgpcos 6(0.3) = 0

S.Fgp=—291.7N
=291.7N 436.87°

-.D=Fgp=291.7N 436.87°

(+—)) F=0
=A,— Fgpcos6 =0

=A,—(—291.7¢c0s36.87°) =0

=—2334N

=2334N («)

(+1Y F=0

=A, — 100+ Fgpsin 6 =

0

=A, —100 — (—291.75in36.87°) =0

...Ay :_75 N

=715N (})

Solve for reaction at A;

A, =2334N

-

Ay=75N

A, 75
-1y _
B =tan A, 2334

A=,/A2 —|—A§ =1/233.42 4752 =2452N

SA=2452N Y17.8°

=17.8°
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Three force member

For a three force member, the lines of action of the three forces must be either concur-
rent or parallel. Solution strategy is shown by following example.

@ A three force member is a rigid body of negligible mass with only three forces
acting on it.

= Example 9.9

. 0.7 m
A C
--------------------- -Q —— e ——-— @)
Determine the reactions at A i 1B Y
and D of the rigid body shown 0.3 m ! | 100 N
in the diagram. ; i
i D !
0.4 m

Solution:

It is important to ensure that there are only three forces acting on the body; the 100 N
force and reactions at A and D. Notice that BD is a two force member, i.e. the line of
action is known.

Step 1: Line of action

Draw the FBD and construct the two known lines of action. This will produce an
intersection point (if this does not happen, then all three forces are parallel). The line
of action of the third force is the line constructed from the third point to the intersec-
tion.
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3. Point of intersection

4. Line from A to intersection point | ; /.

A ‘ /,.—-'\ B rd 2. Line of action of
W e — - reaction Fgp

i E *1 N
0.3 m e i 00

X i |
]?ft../.-.’..\J ............. § (
1

04 . Line of action of
<4 m 100 N force

Step 2: Determine angles 6 and 3

0.3
6 =tan~! (=) = 38.67° Ak
an (0.4) %:ﬁ
k 0.3 4=
_ e T
B =tan™" (=) o3 - k=0225

0.225
—tan~! —17.82° 0.4
=t =17.82

an (57

Step 3: Determine magnitude of unknown forces

Separate the point of intersection and put in the known magnitude. The other two
magnitudes can be found by solving using equilibrium of particles at the point of in-
tersection.

(+—)) =0
assumed P =—Acos17.82° — Fgpcos36.87°
d“eC“OQ } - A=—0.84Fsp
17.82° " 36.87°
A (+ T) ZFy =0
Fsp =—100 — Fgpsin36.87° — Asin17.82°
100 N =—100 — Fgpsin36.87° — (—0.84Fpp) sin 17.82°

. Fgpp=—291.6 N
.. A=—0.84Fgp = —0.84(—291.6) =245 N
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Therefore,

S Fep =291.6 N £36.87°
SLA=245N 717.82°

9.6 Example questions

Exercise 9.1
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, mp and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

<

Fixed support‘ >
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Exercise 9.2
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, my and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

2

: = 9
L/

mp

m
1 -
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Exercise 9.3
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, my and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

P
T e D
[;> -B-JC c — o)

Fixed support

)

(

A

Rough surface
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Exercise 9.4
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, my and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.5
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, my and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
Fixed support - |:“:3>
m
J F
m
+ \

Fixed support
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Exercise 9.6
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m, my and my. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

Q@ﬁ;})
/ Q
,

%m

=

Fixed support
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Exercise 9.7
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.8
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.9
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.10
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

o)

2N
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Exercise 9.11
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.12
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

30° £ i

30°




9.6 Example questions 131

Exercise 9.13
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

o S
AR R sy

A T
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Exercise 9.14
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.15
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.16
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.17
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

)
g

i
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Exercise 9.18
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.19
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.20
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

|'§
>
Ce
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Exercise 9.21

Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

B\

—25) —5)
L
Ay ];/ _@_C

@ ® ®
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Exercise 9.22
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

O
¢ 5

€ ®
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Exercise 9.23
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.24
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.25
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.26
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.27
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.28
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

9
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Exercise 9.29
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
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Exercise 9.30
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams

,_-
a

) ( )
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Exercise 9.31
Complete the free body diagrams. Mass of the bodies is negligible unless stated by
m. All contacting surfaces are smooth unless stated otherwise.

Problems Free Body Diagrams
Y Y N
e 0 o )

Exercise 9.32

0.2m

A slot has been cut in plate — ;
ABD. Determine the reac- Py _..B 4
tions at A and C. |
Answer: Rc = 436.5 N (60° A W AR 300 N
A)and Ry =232N (79.7° X) \ ~ ‘

0.4 m

Q)
‘g
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Exercise 9.33
P=30N

Determine the reactions at A,
B and C. The slot is friction-
less.

30°

Exercise 9.34

Bent rod BCDE is supported by a
roller at C, a smooth collar at E and
a light arm AB at B. Determine the re-
actions at B, C and E for the bent rod
BCDE.

Exercise 9.35

Determine the reactions at A and B.
Answer: Rg = 312.5 N (36.87° £) 0.6m
and Ry =264.9 N (19.3° %)
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Exercise 9.36
Determine the reactions at B and C for i 60 mm

the system when a 300 N force is ex-
erted at A.

Exercise 9.37

The diagram shows rigid body
ABC with a mass of 10 kg sup-
ported by member CD at C and
loaded with a mass m at end A.
Determine the mass m and reac-
tions at B and C so that the system
is in equilibrium.
Answer: Rc = 0.0057 N, Rg =
138.7 N (45° ») and m = 10 kg

Exercise 9.38

The diagram shows a mecha-
nism used to support the load
at the pulley. The tension in
cable DF is 50 N. Determine
the reactions at C and E if the
system is in equilibrium. All
contacting surfaces are fric-
tionless.

AB =70 mm BD =50 mm
BC = 80 mm DE = 150 mm

Radius of pulley at A = 40 mm.
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Exercise 9.39

0.3 m

The system is in equilibrium. Deter-
mine the reactions at A and D if the
mechanism is loaded as shown in the
diagram.

Answer: Rp = 39.6 N (45° ) and
Rp=755N21.8°7%)

Exercise 9.40
Telescopic arm ABC is used to support a 200 kg load at C. Determine the force in
hydraulic cylinder BD and the reaction at A.

0.5m
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Exercise 9.41

Determine the reactions at A and C of
the mechanism shown in the diagram.

Exercise 9.42

! B !
Determine the reaction at pins A and : :
D of the structure shown in the figure : |3 m
when a 5 kN force is acted at B. : | - D
Answer: Rp = 757.6 N (36.87° %) ; | e,
and Ry = 4585.7 N (82.4° 4) i

|6 m

Exercise 9.43

Determine the tension in the cable and
the reactions at pins A and D. The 0.1
m diameter pulley is frictionless and
the mass m = 100 kg.
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Exercise 9.44
Determine the reactions at A and C resulting from the 40 N force at D and the 50 Nm

couple at E.

300 mm

Exercise 9.45
The rigid body shown is supporting the 500 N load at B. Determine the reaction at A

and the tension in cable EDC. The system is in equilibrium.

Exercise 9.46
4 kN

Determine the reactions at pin A and C to I.5m * I.5m _ C

support the 4 kN load. Neglect the mass of 2m :
rods AB and BC. & 30° L
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Exercise 9.47

Determine the reactions at A and D of the
mechanism shown.

Exercise 9.48
Determine the reactions at C and A if the tension in cable EF is 200 N.

0.5m
7 VA
0.3 m :
AV U ) B
FNIY 05m I'm
RO.1 m g ) 30°
___________ _..______._._._._._____._._..‘"

200N 800N

Exercise 9.49

Determine the reaction at pins
D and E for the structure
shown. The force P =100 N
and diameter of both pulleys
is 0.1 m.

0.15m

0.4 m
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Exercise 9.50

Determine the reaction at pin O
and the force in hydraulic cylin-
der BC for the crane in the figure.

1.0m

Exercise 9.51

Determine the reactions at A and C if the

0.2 m
system is in equilibrium.
Exercise 9.52
The system shown is in equilibrium.
Determine the reaction at A and E if N
m = 20 kg. Radius of the small pulley B 0.2m
can be neglected. Iz~ 0.1 m

0.6 m 0.2 }n
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Exercise 9.53
RO.1 m

The mechanism shown is used to
support the 20 kg mass. Deter-
mine the reaction at pins B and F.

Exercise 9.54

.
The system shown is in (.1 m

equilibrium. Determine

the reaction at pins A and

D if m = 10 kg. 0.I'm

Exercise 9.55

Determine the reaction at A and D if
the system is in equilibrium. The big
pulley is at the mid point of mem-
ber BD. The big pulley diameter is
0.1 m while the small pulley diameter
1s 0.05 m.

50 kg
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Exercise 9.56
Rigid body ABCD of weight 100 N (acting at G) is used to support the 500 N load
and the 300 Nm couple. Determine the reaction at A and E.

= B| G| C

'\\ fL C u\)
1A ~

225m| | 300 Nm
- E

Exercise 9.57

Determine the reaction at pins A and
C for the system to maintain equilib-
rium.

O.Sm_

Exercise 9.58

0.6 m
Determine the reaction at
pins A and D for the sys- 03m
tem to maintain equilib- .

rium.

04m 04m
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Exercise 9.59

Determine the reaction at B and C, and the angle 8
to maintain ABC in the vertical position.

Exercise 9.60

0.28 m
0.2m

The system shown is in
equilibrium. Determine 02m
the force P, the angle 6 !

. ! D :
and the reaction at pin ;
A if the compression in Lk ' 036 m
member BD is 50 N. Y. ’
‘%—
10N

0.24 m

Exercise 9.61

Determine the angle 6, tension in
cable AB and reaction at C for the
system to be in equilibrium. The
pulley radius can be neglected.
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Exercise 9.62

Determine the tension in cables at B and
C of the hanging 10 kg signboard (using
FBD of signboard). Hence, determine the
tension in cable DE and the reaction at A B

(using overall FBD). A I:/
G
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10.1 Equilibrium condition in 3D

The differences between equilibrium conditions of particle and rigid body in three di-
mension (i.e. x-y-z plane) are shown in the following table;

Equilibrium conditions Notes

Particles YF,=0 and YK =0 and YF,=0 3 equations
up to 3 unknowns

Rigid bodies }Fx=0 and YF,=0 and YF,=0 6 equations
YM,=0 and YyM,=0 and Y} M,=0 upto6 unknowns

For solving the equilibrium conditions, free body diagram (FBD) of the rigid body is
needed to identify the relevant forces and moments.

10.2 FBD for 3D rigid bodies

Procedure for drawing FBD is;

e Draw the boundary of the chosen section and detach / separate it from all other
bodies,

e Input all external forces acting on the body,

e For body with a mass, put the weight = mg acting at the centre of gravity (G) of
the body in the vertically downwards direction,

e Put the reaction/s where the body touches or connected to a different rigid body,

e The FBD should also include dimensions for the process of taking moment.

When supports or connections on the rigid body are removed, they are replaced with
reaction forces and/or reaction moments. These information are summarized in Tables
10.1 and 10.2.

000
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Table 10.1: Reaction forces / moments for respective supports / connections in 3D

Supports / Reaction forces / Notes on reaction forces /
Connections moments moments
A force with a known Perpendicular to the surface
e Balls . .. . .
Frictionl line of action involving and must point towards the
° trictionless 1 unknown free body
surface

e Roller on rough
surface
e Wheel on rail

Two force components,
involving 2 unknowns

One perpendicular to the sur-
face and must point towards
the free body and the other
90° to it (tangent to the sur-
face) that can be directed ei-
ther way (not both), prevent-
ing translation in two direc-
tions

e Rough surface
e Ball and socket

Three force compo-
nents, involving 3
unknowns

The force components are
usually represented by their x,
y and z components, prevent-
ing translation in three direc-
tions

e Universal joint

Three force compo-
nents and one couple,
involving 4 unknowns

The force components pre-
vent translation in three di-
rections. The universal joint
is designed to allow rotation
about two axes

e Fixed support
e Welded joint

Three force compo-
nents and three couples,
involving 6 unknowns

The force components pre-
vent translation in three di-
rections. The couple compo-
nents prevent rotation about
three axes

e Hinge

e Bearing support-
ing radial load
only

Two force components
(and two couples), in-
volving 2 (or 4) un-
knowns

Mainly designed to prevent
translation in two directions,
that may also include two
couples. Generally will not
exert any appreciable couple
unless otherwise stated

e Pin and bracket

e Hinge

e Bearing support-
ing axial thrust
and radial load

Three force com-
ponents (and  two
couples), involving 3
(or 5) unknowns

Designed to prevent transla-
tion in three directions, which
may also include two cou-
ples. Generally will not exert
any appreciable couple unless
stated otherwise
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Table 10.2: Summary of reaction forces / moments in 3D

F () Fy
T 1 |
ball frictionless known line fixed support 3 force
surface of action components
1 unknown 3 couple
3 F
PR N ! . .
rollers on wheel on rail 2 force universal joint 3 force
rough surface components components
1 couple
F F,
. N7 y
L E < > : ~ . ) S\ rl’;vz S~
rough surface ball and socket 3 force radial bearing 2 force
components components
2 couple

P

pin and bracket  hinge

bearing supporting 3 force
axial thrust and components
radial load

2 couple

@ Important notes

e The FBD must be drawn for every solution.

e Knowledge on determination of force components, reactions and ’cross and dot

products’ (for taking moments) are essential.

e Since there are 6 equations, there can be up to 6 unknowns. For problems with
more unknowns, solve using moment about an axis.
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= Example 10.1

The system shown in the diagram is in
equilibrium. Determine the tension in ca-
bles AC and AD, and the reaction at the
ball and socket joint at O. 0.7m

Solution:

1. FBD

2. Solving components of the forces

Force applied at point B, Fg = —840 N j
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Tension in the cable AC, Tc;

__ d -0.6
dz =0.6 m TACy :TAC dy = TAC_I 1 =0. 636T AC
g 2 2 2 d 0.6
—\/( 0.6)2 24 (0.6)2 - Tac=—0.545Txc N i+0.636Tac N j
—1.1m +0.545TAc Nk
Tension in the cable AD, Tap;
__ d —0.6
d = 06 m TADX :TADEX = TAD( 0 7 ) = —0. 857TAD
dz =—03m TADy :TADEy = TAD—O 7 = 0.286TAD
cg_ 2 2 2 d -0.3
=\/(-0.6)24+(02)24+(~0.3)2 - Tap = 0.857Tap Ni+0.286Tap N j
=0.7m - 0'429TAD N k

Reaction at point O;

0=0,Ni+0,Nj+0,Nk

Force 1icomponent jcomponent k component

Fp -840

Tac  -0.545 Tpc 0.636 Tac 0.545 Tac

Tap -0.857 Tap 0.286 Tap -0.429 Tap
(0 O Oy o,

YF 0 0 0

For equilibrium } F = 0. By adding the forces according to respective components
give three equations;

icomponent = —0.545Tpc —0.857Tpp+0,=0 ...(1)
jcomponent = —840+0.636Tpc +0.286TAp+0, =0 ...(2)
k component = 0.545Tpc —0.429Tpop+0,=0 ...(3)
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3. Solving components of the moments

Taking moment about O (the intersection point with the most unknowns) gives;

Y Mo = rop x (—840 N j) +roa X Tac +roa X Tap

moment of the Fg = 840 N j force about point O;

ZMO =rop X (—840 N j), where rog = 1 mi
=(1mi) x (—840 N j) = —840 Nm k

moment of the T oc about point O;

ZMO =roa X Tac, where rop = 0.6 mi
2(0.6 m i) X (—0.545TAC N i) 4 0.636Taoc N j+0.545Tac N k)
=(0.6)(0.636Txc)(+k) + (0.6)(0.545Tac)(—j)
= —0.327T7c j+0.3816Trp k

moment of the Top about point O;

ZMO =roa X TaD, where rop = 0.6 mi
=(0.6 mi) X (—0.857Tap N i) +0.286Tap N j —0.429Tarp N k)
=(0.6)(0.286Txp)(+k) + (0.6)(—0.429Txp ) (—j)
=0.257Tap j+0.1716T7p k

Moment source icomponent jcomponent k component

Fp -840
Tac -0.327 Tac 0.3816 Tac
Tap 0.257 Tap 0.1716 Tap
Y M 0 0 0

For equilibrium Y M = 0. By adding the moments according to respective compo-
nents give additional two equations;

jcomponent = —0.327Tpoc+0.257TAp =0 ...(4)
k component = —840+0.3817poc +0.1716TAp =0 ...(5)

from equation (4),

0.257

= == 5 =0.786T,
0.327 [ap = 0-786Tap

Tac
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input into (5),

—840 +0.3816(0.786Tap) +0.1716Tap = 0

giving Taop = 1781.4 N. Substitute Txp into equation (4) gives Tac = 1400.2 N. Val-
ues of Oy, Oy and O, are obtained by substituting the values of Taoc and Tap into
equations (1), (2) and (3).

= Example 10.2

The rigid body shown is in equi-
librium. Determine the required
mass m, force P, tension in cable
DE and reaction at ball and socket
joint at A.

Solution:

1. FBD

v _____12

2. Solving components of the forces

Force P applied at point B,P = —P N i
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Force applied at point F, —50g N j
Force applied in cable DE, Tpg = Tpg N k

Tension in the cable at point B, Tp;

d;=02m n g de g (02)
d, =0.6 m j (0.7)
d,=—03m TBy:TB_y:TB@

d
cd=y/d}+d}+d?
> Ts, =TB&:TB

=/(0.2)2+(0.6)% + (~0.3)2 a 07

2. 6. 3
=0.7m - Ts =(7T31+ 7 Ti— ?TBk) N

Reaction at point A; A = (A,i+Aj+Ak)N

3. Solving components of the moments

Taking moment about A gives;

Y Mp = (rag X P) + (rap X Tpg) + (rar X 508) + (rap) x T

moment about A due to force P

rap X P = (0.6i— 0.6k x (—Pi)) = 0.6Pj

moment about A due to force Tpg

rap X Tpg = (0.6i —0.3j +0.3k) X (TDEk)) = —0.3Tpgi — 0.6TpEj

moment about A due to force 50g

raF X —50gj = (0.9i — 0.3j+0.3K) x (—50gj) = 147.15i — 441.45k

moment about A due to force Ty

2 6 3
raB X TB = (0.6i—0.6k) X (7TBi+ ?TBj — 7TBk) = 0.514TABi+0.086TABj +0.514TABk

For equilibrium } M = 0;
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k component 0.51475 —441.45=0
Ts =859 N
m = 87.6 kg

i component —0.3Tpg+ 147.154+0.51473 =0
Tpe = 1962 N

jcomponent 0.6P —0.6Tpg +0.0867 =0
P=1839N

For equilibrium } F = 0;

icomponent A,—P+ %TB =0

A, =1593.6 N
Jjcomponent A, —50g + %TB =0
Ay =—-246 N
k component A, + Tpg — %TB =0
A, =—15939N

Therefore A = 1593.6 Ni — 246 Nj — 1593.9 Nk

= Example 10.3

Gear A of 50 mm radius and
pulley B of 30 mm radius
are attached to a shaft sup-
ported by bearings C and D
as shown. Both bearings at
C and D do not support any
moment and axial load. De-
termine the required applied
couple M; and the reaction at
bearings C and D for the sys-
tem to maintain equilibrium.

Solution:

Draw the FBD of the problem:
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Based on this FBD, the forces acting on the rigid body are:
o —15gj

420i

C=Gid+Gyj

D = D;i+ D)j

For equilibrium } F = 0;

icomponent 420+Cy+Dy=0 ...(1)
Jcomponent C,+D,—15g=0 ...(2)

For equilibrium ) M¢ = 0;
ZMC =(rca x 420i) + (rcg X —15gj) + (rcp x D) + Mk
={(0.05j — 0.1k) x 420i} + {(0.03i — 0.2k) x —15¢j}
+ {(=0.17K) x (Dxi+ Dyj) } + M;k
=(—42j — 21K) + (—29.43i — 4.4145K) + (0.1Dyi — 0.1Dyj) + Mk

i component —29.43+0.17Dy =0

Dy =173.12N
jcomponent —42-0.17D,=0
D, = —-247.06 N

k component —21—-4.4145+M,=0
M, =25.4145 Nm

Substitute into (1) and (2) gives Cy = —173 N and C, = —26 N. Hence;

M, =25.4145 Nm
C=—173Ni—26Nj
D = — 247.06 Ni+ 173.12 Nj

10.3 Example questions

Exercise 10.1

The figure shows a uniform rod OAB
with a mass of 5 kg/m supported by
a ball-and—socket joint at O and a ra-
dial bearing at B, and loaded with mo-
ment M = 100 Nm. A light rod AC
with a 5 kg mass at C is welded at A.
Determine the reactions at the ball and
socket joint at O and the bearing at B.
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Exercise 10.2
500 N

750 N

Rod OA of negligible mass is sup-
ported by cables AB and AC and
loaded with forces as shown in the di-
agram. If the rod is supported by a
ball-and—socket joint at O, determine
the tension in cables AB and AC, and
the components of the reaction at O.

Exercise 10.3

The bent rod ABCD is supported by a ball-and—socket joint at A , cable BE at B, a
radial bearing at D and loaded with force P at C. The bearing at D does not support
any axial thrust or moment. Determine the reaction at A and D, and the tension in
cable BE if the system shown is in equilibrium.

1.2m
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Exercise 10.4

A 4-wheel mechanism (one is hidden from view) is supporting a weight W at the
end of arm AB. The maximum weight that can be supported without the mechanism
tilting is W = 20 kg. Determine the length AB and the reactions at D and E. The
weight of the whole mechanism is 400 N acting at O. All dimensions in mm.
Answer: [ag =526 mm, Fp = 169 N and Fg =427 N

Exercise 10.5

YA

A uniform rod ABCD with a mass of 80 kg 300 i
is shaped as shown in the diagram. The cen- A r
tre of gravity is located at point G (not shown) F
(250 mm, 250 mm, 150 mm). Collar A is fric- 300 mm
tionless and end D is located on a smooth hor- C
izontal surface. The force F' = 600 N acts at C X
along CA. Determine the reactions at A and D. 300'mm

UD
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Exercise 10.6

A bent rod AOCD with a ball-and—socket
joint at D, a ring at A and a force P, are
used to support aload W = 100 N hanging
at G. Determine the magnitude of force P
by taking moment about the line AD.

Ammmmmmmmmmmmm

Given: 5
AG=GO=4cm

OC=12cm

CD =14 cm

Exercise 10.7

The bent rod in the diagram is supported by two radial bearings at A and B, and cable
DE. The system is loaded with a force P = 300 N at C which is parallel to the z-axis.
Both bearings do not support any moment. Determine the reactions at A and B, and
the tension in cable DE.
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Exercise 10.8

A homogeneous metal plate of mass 100
kg is supported by a cable at A, a smooth
roller at C and a ball-and—socket joint at
B. If a 300 N force and a 200 Nm couple
are exerted on the plate, determine the ten-
sion of the cable at A and the reactions at
B and C.

Exercise 10.9

Rod OABC with a fixed support at O is
loaded with a 100 kg mass at C and sup-
ported by cables AD and BE. The tension
in both cables are 5000 N each. Determine
the reaction at O due to all the forces act-
ing on the rod.

Exercise 10.10

A

The bent rod ACOE is supported by
ball-and—socket joints at A and E, and
force T at B. Rod is loaded with a 150 kg
mass at D. Determine the force T by tak-
ing moment about the AE axis.

all dimensions in mm
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Exercise 10.11

Two loads are exerted on the bent rod
OBCD, 500 N at A and 1000 N at D. The
bent rod is fixed supported at O. Deter-
mine the components of the reaction at O.
Answer: O, =0, O, =500 N, O, = 1000
N, M, = —2000 Nm, M, = —3000 Nm and
M, = 1000 Nm.

Exercise 10.12

The 20 kg rectangular manhole cover
OACE supported by hinges O and A is
maintained at the 30° position by the
force P at B. Determine the magnitude
of force P and the reactions at O and A
if bearing A does not support any axial
load and both bearings do not support
any moment.

Exercise 10.13

The winch shown is held in equilibrium by a verti-
cal force P applied at point E. Determine the mag-
nitude of force P and the reaction at radial bearings
O and B. Both bearings do not support axial thrust
or couples. Given DE = (0.2 m and diameter of the
disc is 0.2 m.




176 Rigid bodies : Equilibrium 3D

Exercise 10.14

A bent rod is supported by three radial
bearings at A, B and C. All bearings do

not support any axial thrust or moment. If 2 m
the rod is loaded with forces as shown, de-
. . : 4000 N
termine the reactions on each bearing. 0
Z 4 m

Exercise 10.15

Boom OA of negligible mass is supported by a ball-and—socket joint at O and cables
EB, AC and AD as shown in the figure. The ratio of the tension in cables AD and
AC is 3:1. Calculate the tension in cables EB, AC and AD, and the reaction at the
ball-and—socket joint at O if a load of 420 N is applied at end A.

1.0 m
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Exercise 10.16

A uniform plate OACB is sup-
ported by two hinges at O and A
and by cable BD. Both hinges do
not support any moment and the
hinge at A does not exert any ax-
ial thrust. Determine the reactions
at both hinges and the tension in
cable BD.

Exercise 10.17

Rod OC is supported by a ball
and—socket—joint at O and ca-
bles ABC and CD. The cable
ABC passed through a pul-
ley at B as shown in the di-
agram. Determine the tension
in the cables and components
of the reaction at O if a 1600
N force is applied at C.

Exercise 10.18

The bent rod shown is sup-
ported by a ball-and—socket
joint at A, a radial bearing at
C and acted upon by a force P
atend D and a 250 N force at
pulley B. Determine the reac-
tions at A and C, and the force
P if the system is in equilib-
rium.
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Exercise 10.19

A light bar OB of 400 cm length
is supported by a hinge at O and
cable AC at A. The hinge lies on
the z-axis. The centre line of the
bar lies on the x-y plane and A is
the mid point of OB. The hinge
support both moments and axial
thrust. Determine the tension in
cable AC and components of the
reaction at O.

Exercise 10.20

The 30 kg homogeneous plate with uniform thickness is welded to the shaft AB
as shown. The plate is maintained at the horizontal position by cable DC. Bearing
A does not support any axial load and both bearings do not support any moment.
Determine the tension in cable CD and the reactions at bearings A and B.

160 mm
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Exercise 10.21

The bent rod shown in the figure is supported
by a radial bearing at O, a ball-and—socket
joint at D and by cable AE at A. A 75 kg mass
acts at C. Determine

a. the tension in cable AE.

b. the reaction at O and D.

Exercise 10.22
Determine the tension in cables AB, AC and AD required to hold the 50 kg mass in
equilibrium.

N
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Exercise 10.23

A 12kg, 0.25 m x 0.4 m homoge-
nous plate is welded on to a bent
rod and supported by two bear-
ings A and O as shown. Bear-
ing A does not support any axial
thrust. Determine the force P to
maintain equilibrium.

Exercise 10.24

The figure shows a bent rod supported by a ball-and—socket joint at F and cables;
CD and CE, while loaded with a 10 kN force at B. Determine the reaction at the
ball-and—socket joint and the tension in all cables.

y
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Exercise 10.25
The system shown is in equilibrium. Determine the reaction at ball and socket joint

A, the tension in cable OB and the moments M, and M; to support the 500 N and
1000 N forces at O and C respectively.

¢ 1000N

Exercise 10.26
The bent rod shown is supported by a ball-and-socket joint at A and a radial bearing

at C, and loaded with forces 3 kN at B and, 1 kN and P at D. The bearing at C does
not support any axial thrust or moment. Determine the reaction at A and C, and the

force P if the system shown is in equilibrium.
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Introduction on friction

Friction only exist when solid bodies/surfaces/fluids are in contact with or touching
each other. There are two types of frictions which are

e Dry friction - friction between solid bodies/surfaces

o Fluid friction - friction in fluids
Due to the friction, a frictional force exist that acts against the motion of an object.

- | | ; » P
F = friction force motion

equilibrium (statics)

Consider the figure above where an external force P is applied to an object placed on
a rough surface with a coefficient of friction y. Force P tend to move the object to the
right but the object is still in equilibrium state (not moving) as force P is being opposed
by the friction force F due to the surface roughness. Magnitude of friction force F is
the same as force P but acting in opposite direction (against the direction of motion).
If magnitude of force P is increased to a certain value, the magnitude of friction force

F also increased to the same value. However there is a maximum limit for the value of
the friction force which is given by

Fm == “sN

where F;, is the maximum static friction force, L is the static coefficient of friction and
N is the normal force acting on the contacting surfaces. Once the magnitude of force
P is larger than F,, the object starts moving and the coefficient of friction becomes
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which is the kinetic coefficient of friction. Generally t; < p, hence once the object
starts moving, the magnitude of friction force resisting the motion becomes less and

constant given by

Fi = N

@ General solution procedure for friction problem

e Draw the FBD.

e Make sure that the friction force is directed against direction of motion.
e For cases involving two bodies or more, draw the FBD similar to answering

frame/machine problems.

A free body diagram of the forces acting on
the body is shown in the figure on the right.
Friction angle (¢) is the angle between the
normal force, N and the resultant, R (be-
tween N and F).

N
an~1BY _ ap! Ly

¢ =t
which give the static coefficient of friction
as;

Us =tan¢

Experiments conducted verify that the
maximum static friction force (F,) is
directly proportional to the normal force
as given by F,, = U;N. Both coefficients
of friction s and p; are independent of
surface area of contact but are exception-
ally dependent of the roughness of the
surface of contact. Therefore, the values
used are assumptions based on practical
experimental investigations.

Table 11.1 shows the values of coef-
ficient of static friction u; for various
contacting surfaces. The corresponding
coefficient of kinetic friction p; is approxi-
mately 25% lower than the given values of
coefficient for static friction ;.

Physical problem
P&
-~
F = friction force
Free Body Diagram (FBD)
mg
P
F =uN
Nl¢ R
Contacting Coefficient of
surfaces static friction
metal on metal 0.15-0.60
metal on wood 0.20-0.60
metal on rock 0.30-0.70
metal on leather 0.30-0.60
wood on wood 0.25-0.50
wood on leather 0.25-0.50
rock on rock 0.40-0.70
earth on earth 0.20—-1.00

rubber on concrete  0.60 — 0.90

Table 11.1: Approximate values of coeffi-
cient of static friction y; for various con-
tacting surfaces.
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11.2 Categories of problem involving friction

11.2.1 Category 1
All external forces, and both coefficients of friction (i, and ;) are known. Determine
whether the system is in equilibrium or in motion.

= Example 11.1
500 N

Determine whether the block is in equilib-
rium or in motion. Hence, find the magni-
tude and direction of the friction force.

Solution:

FBD 500N .
Important observations:

e For category 1, the friction force is
represented by F', not uN.

e In this case, F is assumed up the in-
cline meaning, the block is assumed
to move or tend to move down the

incline.
('I‘ /‘) ZFX =0
100cos30° + F —500sin30° =0
S F=1634N

Due to the assumed direction for friction force F, there are two possibilities for it’s

magnitude:
e (+ve) answer — the assumed direction of F is correct.
e (—ve) answer — the assumed direction of F is incorrect, reverse direction of F'.
In this question, F is directed up the incline and the block is moving or tend to
move down the incline.

(+ ’\)ZFy:O
N —100sin30° — 500c0s30° =0
.N=483 N
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Compare the magnitude of F with the magnitude of maximum static friction force
F,,. There are two possibilities:
e F > F,, — the block is moving down the incline, hence F = F;, = [ N.
e F,, > F — the block tends to move down the incline (still in equilibrium), hence
F = the calculated F.

for this particular example;
F
A
F=1634N f--—>—---

Fp=1449N}--——, l

» P
The maximum static friction force is given by
F, = usN = (0.3)(483) = 1449 N

Since 163.4 N > 144 9 N, therefore F > F,, whereby the block is moving down the
incline. Hence the actual friction force is

F = F = 1N = (0.2)(483) = 96.6 N£30°

Additional notes:
e Choose a suitable pair of axes.
e Reverse the direction of F (and motion) if the answer is negative.

11.2.2 Category 2
The system is on the verge of moving (the system is in equilibrium) with the coefficient
of static friction (is) known. Determine the required force to maintain it.

= Example 11.2

400 N P
. 45°
Determine the range of P so that the sys- >/
tem is in equilibrium. pr
ity =10.2
25°

Solution:
There are two possibilities:
a. The block is on the verge of moving down the incline. Friction force, F = F,, = UsN
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directed up the incline.
b. The block is on the verge of moving up the incline. Friction force, F = F,, = u;N
directed down the incline.

Case (a)
(+ M) F=0
FBD 400 N 0.2N — 400sin25° + Pcos20° =0
0P 0.2N—169+0.94P =0...(1)
y .-
\/'x’/ (_I_,\)ZFy:O
- N —400c0s25° 4+ Psin20° =0
usN =0.2N

550 N—362.5+0.34P=0...(2)

Solving both simultaneous equations (1) and (2) gives P = 110.7 N.
Case (b)

(+ Y E=0
EBD 400 N p —0.2N — 400sin25° + Pcos20° = 0
y 0° —0.2N—169+0.94P=0...(3)
N> x -

UN=02N HFN)YFE=0
N —400¢0s25° 4+ Psin20° =0
N—362.5+0.34P =0...(4)

Solving both simultaneous equations (3) and (4) gives P = 239.6 N.

Therefore the range of force Pis 110.7 N < P <239.6 N
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Category 3

In this category, the object has a possibility either to tilt or slide. Hence, this will be
determined by using the moment equation. Observe that dimensions of the object is
given in this type of problem.

= Example 11.3

0.5m

Force P is acting on a uniform 80 kg block
as shown. Determine whether the block re-
mains in equilibrium when

(a) P=100N 1.0m
(b) P=175N
(c) P=200N
=02
Solution:
(a) for P =100 N
FBD  g0(9.81) = 784.8 N
0.25m|0.25 m
F—)H‘ 100N Notes:
o
V e The friction force, F # usN.
Y e Notice that there are 3 unknowns.
1.0m e Direction of the normal force N is
X not the center of the block.
o e Solve the three equilibrium equa-
e R tions first.
F
X
N
(+ =) LFE=0 DY F=0 (+0)Y Mo =0
F—-100=0 N-—-784.8=0 784.8(x) —100(1) =0
.. F=100N(—) SN =T784.8N(1) S.x=0.1274 m

Then the value of x is compared with %width:

1
Ifx> % width — Tilting will occur. Else if x < Ewidth — Check for slipping.

IfF > Fy— Slippinzr occurs.
If F < F,,, — Not moving/in equilibrium.

For this particular example, the result is x = 0.1274 m. Comparing with half of the
block width (0.25 m), the value of x is smaller (x < 0.25 m). Therefore the block does
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not tilt. The maximum static friction force is given by
Fn = usN =0.2(784.4) = 156.96 N
Since F = 100 N and F,, > F, the block is still in equilibrium.

(b)forP=175N

FBD  ¢0(0.81)=784.8N (+—) Y B =0

F—-175=0
- F =175 N(—)

0.25m]0.25 m

(+HYXFH=0
N—-7848=0
- N =784.8N(?1)

(+0))Y Mo=0

784.8(x) —175(1) =0

S.x=0223m

For this particular example, the result is x = 0.223 m. Comparing with half of the

block width (0.25 m), the value of x is smaller (x < 0.25 m). Therefore the block does
not tilt. The maximum static friction force is given by

Fn = usN =0.2(784.4) = 156.96 N
Since F = 175 N and F > F,,, the block is slipping (in motion).

(¢c) for P=200N

FBD  ¢0(0.81)=784.8N (+—) Y B =0

F—200=0
. F =200 N(—)

0.25m]0.25 m

(+HYXFH=0
N—-7848=0
- N =784.8N(?1)

(+0)Y Mo =0
784.8(x) —200(1) =0
S.ox=0.255m
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For this particular example, the result is x = 0.255 m. Comparing with half of the
block width (0.25 m), the value of x is larger (x > 0.25 m). Therefore the block tilts.
In other words, normal force N no longer exist when block tilts.

= Example 11.4

The 80 kg block rests on an incline as
shown. Determine the largest angle 6 be-
fore the block moves.

Solution:

FBD 80(9.81) = 748.8 N

+ M) F=0
F —784.8sin0 =0
. F =784.8sin6 N( )

(+0))Y Mo=0

784.8cos O (x) —784.8sin6H(0.5) =0

0-5%&
< g, =03

1.0m

Notes:
e The friction force, F # UsN.
e Notice that there are 4 unknowns.
e Direction of the normal force N is
not to the center of the block.
e Apply the three equilibrium equa-
tions first.

(+N)YXFE=0
N —784.8cos6 =0
. .N="784.8cos 6 N(N\)
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Assume the block slides

If the block slides,
F =F, = usN = 0.3(784.8cos 0)
by solving all four equations yields
0 =16.7° N=75177N F=2255N x=0.15m

compare x with %width, since x =0.15 m < 0.25 m, the block will slide and 6 = 16.7°.

Assume the block tilts

If the block tilts, x = 0.25 m. Solving all four equations yields
x=025m 0 =26.6° N=701.7N F=3514N
comparing F with Fy,;
F=3514N and F, = usN =0.3(701.7) =210.5N

since F > F,,, the block will slide first and 8 = 16.7°. In other words, the smaller 6
is the answer. For problems where 6 is known, there are 3 possibilities, i.e the block
is in equilibrium, slides (in motion) or tilts.

11.2.4 Category 4

In this category, friction involves two or more bodies. Free body diagram (FBD) for
bodies involved are generally required.

= Example 11.5

Determine the smallest force P to start
moving the 40 kg mass,

a. with cable AB intact,

b. with cable AB removed.

us =0.4 and y; = 0.3
(for all contacting surfaces)
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Solution:
(a) Cable AB intact:
FBD for 20 k _ Taking the summation of forces along x
or 20 kg mass: and y axes yields;
+HYFR=0
(20)(9.81) N N; —(20)(9.81) =0
N1 =196.2N
TAB (+ —)) ZF"V - 0
Tagp —0.4N; =0
LNy = 0.4N; AB :
N . Tap =78.48 N
1
FBD for 40 kg mass: Taking the summation of forces along x
and y axes yields;
N +DYFE=0
UsN1 = 0.4N; N =588.6 N
(+—=)) =0
P TaB
78.48 — P+0.4(196.2) + 04N =0
usN =0.4N S.P=3924N

After solving the 20 kg mass FBD, it is also possible to solve the problem by drawing
the overall FBD (both masses together).

Overall FBD Taking the summation of forces along x
and y axes yields;
(+NYF=0
60(981) N N —(60)(9.81) = 0
T N =588.6N
AB ( )ZF .
< +-)YF =
d Tas 2(78.48) — P+0.4N =0
UsN = 0.4N S P=3924N
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(b) Cable AB removed:

When cable AB is removed, only the overal FBD is needed.

Taking the summation of forces along x
Overall FBD and y axes yields;

60(9.81) N (+NLE=0
N — (60)(9.81) =0
N =588.6N
(+—2)) . FE=0
—P4+0.4N =0
- P=2354N

Q Important notes
e Friction force is always directed against the direction of motion.
e F =F, = uN for all categories (except categories 1 and 3).
e Analysis for categories 1 and 4 are based on analysis of equilibrium of particle
(without taking moments).
e The choices between ’common’ or slanting axes depends on simplicity of de-
termining force components.

11.2.5 Category 5
In this category, friction involves frame/machine problems.

= Example 11.6

0.15m
Position of the 8 kg block A at the wall is maintained by
member BCD. If the coefficients of static friction between 7
block A and surface at B is p; = 0.25, and between block Blilo4m
A and the wall is yg = 0.15, and block A is on the verge of l V4
falling, determine the force in the spring and the reactions C : 0421
at B and D for the instant shown. ;i\ \I/ m

D (LN
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Solution:
FBD block A
Taking the summation of forces along x
and y axes yields;
8(9.81)N (+ =) L F=0
N—-—N; =0
N* N1 .'. N == Nl
(+hHYF=0

_ N; =0.25N
HsN =0.15N 7 THsIV1 ! 0.15N 40.25N; — (8)(9.81) = 0

0.4N = (8)(9.81)
SN=1962N=N;
FBD member BCD

Taking the summation of forces along x
0.15m and y axes yields;

Ny 7 D,—T+N; =0

B |
i 0\,|/4 m D,—3744+196.2=0
—— <1 Dy =177.8 N(—)
€ Spring 1S il04
assumed to i 0 l;n +1 ZFY =0
be in tension D * i x D, —0.25N; =0
D, D, —0.25(196.2) =0

. Dy =49.05N(1)

Reaction at D

By using Pythagoras theorem;
Dy, =49.05N

D=1/(177.8)2 +(49.02)2
D = 184.4N

D;=1778N 0 —tan—! 20 _ 1540
M oTms T
Reaction at B (on member BCD)

By using Pythagoras theorem;
B,=N;=196.2N

B=1/(196.2)2 +(49.02)
B =202.2N

49.05
B, =0.25N; =49.05 N — tan—1 _ °
y o = tan 1962 — 14.04
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Wedges

Wedges are simple machines utilised to raise/lower or maintain the position a heavy
load. Load is raised or lowered by applying a force (usually much smaller than the
load) at the wedge. With a suitable slant, friction between contacting surfaces will
maintain the position of the wedge. Wedges are suitable where only small differences
on the position of a heavy load are needed. Strategy for solutions to problems are
similar to Category 4 friction problems.

@ Always make sure of the direction of friction force when drawing the free body
diagram (FBD).

= Example 11.7 Determine the minimum force P so that the 400 N load is on
the verge of moving up for both cases (a) and (b). The coefficient of static friction,

L =123,

(a) (b)
400 N 400 N
A eP P
L — R e
Solution:
Case (a)
FBD for 400 N load FBD for Wedge A
400 N N,
,usN 1
N J 10°
,usNZ
N> 10°
Observations:
e Draw the FBD of the wedge first to determine the correct direction of the fric-
tion force.

e For the same force, make sure that the direction is opposite on different surfaces
of contact. For example, N, is (1) for the 400 N load FBD and (] ) for the wedge
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A FBD.
e Analysis is based on equilibrium of particles (without taking moments)

For 400 N load:
(+—)) F=0 +NYF=0
N —usN, =0 Ny — usN1—400=0
Ni — (0.25)N, =0 N> — (0.25)N; — 400 = 0

solve simultaneously to obtain
N; =106.7 N and N, =426.7 N

For Wedge A:

(+—=))Y E=0
UsN> + sN3cos 10° + N3sin10° — P =0
(0.25)N5 + (0.25)N3 cos 10° + N3sin 10° — P = 0
(0.25)N + (0.42)N; — P = 0
106.7 + (0.42)N; — P =0---(1)

+HYr=0
N3cos10° — usN3sin10° — N, = 0
(0.985)N; — (0.043)N5 —426.7 =0
.N3 =453 N

by substituting N3 into (1) to obtain P =297 N
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Case (b)

Taking the summation of forces along x
FBD for 400 N load  and y axes yields;

400N (+—) L F=0
Ny — usNpcos 10° — Npsin10° =0
Ni — (0.25)N;cos 10° — N, sin10° =0
i‘ Ny — (0.42)N> =0

.usN 1

N1 —>»

bl . +DER=0
N> cos 10° — usN, sin10° — pugNy — 400 =0
N (0.941)N, — (0.25)N; — 400 = 0

10° solve simultaneously to obtain

Ny =201 Nand N, =478.5N
Taking the summation of forces along x and y axes yields;

(+ ) Y F=0
WsN3 + sNo cos 10° + Npsin10° — P =0
FBD for Wedge A (0.25)N3 + (0.25)N, cos 10° + N, sin10° — P =0
(0.25)N; + (0.42)N, — P = 0
(0.25)N3+201 —P=0---(1)

_ HsN2 +NYFR=0
10 P N3 + UsNy sin 10° — N cos 10° =0
HsN3 N3+ (0.25)N,sin 10° — N2 cos 10° = 0
N N3 — (0.941)N, = N3 — (450.3) = 0
N3 =4503N

substituting N3 into (1) to obtain P = 313.6 N

The answer reveals that the wedge arrangement in (a) is more suitable to maintain
the position of the 400 N load because P is lower.

The normal solution showed above deals with many components of forces. As an alter-
native, the friction angle (¢) method can be used instead. This approach is shown by
solving the same previous example.
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= Example 11.8 Determine the minimum force P so that the 400 N load is on
the verge of moving up for both cases (a) and (b). The coefficient of static friction,

Us = 0.25.

(a) (b)
400 N 400 N
A ep P
o — oLt
Solution:
Case (a)
FBD for 400 N load
400 N
.usN 1
14.04°
a00N | \R2
104.04°
HsN2 61.92°
Ny R,

¢ R

from s = tan ¢
S 0= ¢ = ¢ =tan" 1(0.25) = 14.04°

using the sine rule;

400 R R,
sin61.92°  sin14.04°  sin104.04°

yields Ry = 110 Nand R, =440 N
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FBD for Wedge A

R,
(1)) Ny

UsN2

using the sine rule;

400 P R3

sin65.96°  sin38.08°  sin75.96°
yields P =297 N

Case (b)
FBD for 400 N load
400 N
N
H 24.04°
R & R
400 N 2
9 If\’l 104.04°
sV ) 51.92°
10 R,
N,
?2\R,
10°

using the sine rule;

400 P R

sin51.92°  sin24.04°  sin104.04°
yields Ry =207 N and R, =493 N
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FBD for Wedge A

10°

using the sine rule;

400 P R3

sin75.96°  sin38.08°  sin65.96°
yields P =313.4 N

11.4 Example questions
Exercise 11.1
Determine the minimum force P required

a. to stop the block from sliding down the incline,
b. to start the block moving up the incline.

Exercise 11.2
10 kg

Determine whether the block shown in the P=100N
figure is in equilibrium, and find the value

— ()4
of the friction force. s

2 30° M = 0.3

Exercise 11.3

A 60 kg man tries to move the 100 '
kg mass using a cable and pul- [
ley system as shown. Determine :
whether he can move the block if o 45°
the coefficients of static friction L !
between the block and surface and Jyl
between the ground and the man’s " !

shoes are 0.3 and 0.4 respectively.

30°

N
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Exercise 11.4
Two blocks, a 10 kg mass, ma and
mp are connected by cable on the in-
cline planes as shown. If the coeffi-
cient of static friction between all con-
tacting surfaces, u; = 0.3, determine
the mass mp such that
a. mass my is on the verge of mov-
ing up the 30° incline.
b. mass my is on the verge of mov-
ing down the 30° incline.
Answer:
(a) mp = 15.34 kg, (b) mp = 2.61 kg

Exercise 11.5

The figure shows a 150 kg mass A is po-
sitioned on top of the 100 kg mass B. De-
termine the maximum angle 6 and the ten-
sion in cable CD so that the system is still
in equilibrium. The coefficient of static
friction between all contacting surfaces,
e =025,

Exercise 11.6
300 mm

Moment M = 50 Nm acting on member
AB controls the movement of the 45 kg
disc as shown. Determine the friction
force between the surface and the disc.

400 mm
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Exercise 11.7

The 180 kg mass A and 135 kg mass
B are connected by the horizontal
member CD. The coefficients of static
friction (us) between the surface and
masses A and B are 0.3 and 0.5 re-
spectively. Determine the smallest
force P to stop the masses from slid-
ing down.

Exercise 11.8

The figure shows two masses A and
B, 25 kg and 50 kg respectively. The
coefficient of static friction between
mass B and the surface is twice to
that between mass A and the surface.
Determine these values if the mini-
mum tension in the spring to stop the
masses from slipping is 120 N.

Exercise 11.9

A wedge 1s used to level member OAB as shown in the figure. Determine the force
P that must be applied to start moving the wedge to the right. Given u; = 0.3 for all
contacting surfaces and neglect the size and weight of the wedge.

500 mm = 500 mm

P 30° _Q
Sor\ " = "

500 mm

500 mm
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Exercise 11.10

The figure shows a 20 kg rod AB used to maintain
the position of a 20 kg block A with a horizon-
tal force P at end B. Knowing that the coefficient
of static friction p; = 0.3, determine the minimum
force P required to stop block A from sliding down.

Exercise 11.11

A 14.4 kg mass block A and 7.2 kg mass block B
are connected with a cable through a smooth pul-
ley as shown. If the coefficient of static friction
Us = 0.12 for all contacting surfaces, determine the
smallest force P to maintain equilibrium. Hence,
determine the tension in the cable.

Exercise 11.12
a. Determine the mass m required
to start the 10 kg block mov-
ing up the incline. The co-
efficient of static friction be-
tween the block and the surface
18 =03,
b. Determine the minimum value
of U, to maintain equilibrium if
m=0;
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Exercise 11.13

us =0.4

Determine the range of mass at A
to maintain equilibrium.

Exercise 11.14

The two 10 kg blocks, A and B are connected by
member AB as shown. The coefficient of static
friction py = 0.3 for all contacting surfaces.
a. Show that the system is in equilibrium when
=N,
b. Determine the maximum value of P to main-
tain equilibrium.

Exercise 11.15

A 100 kg cylinder is positioned against a vertical
wall and a 30° slope as shown in the figure. If the
coefficient of static friction for all contacting sur-
faces is us = 0.5, calculate the minimum couple M
required to rotate the cylinder.

0.05m
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Exercise 11.16

100 kg
Determine the range of values for mp so

that the 100 kg mass my is in equilib-
rium. The coefficient of static friction L
between block A and the inclination is 0.3.
Answer: 3 kg <mp < 31.2kg
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Introduction

Prior to this topic, equilibrium of particles and rigid bodies have been extensively anal-
ysed, where attention is focused on external forces acting on the body as a whole. An
engineering structure is a system consisting of inter-connected members, built to sup-
port load or transmit forces applied onto it, and must be designed to safely contain the
applied forces.

Consequently, each and every member of the rigid body must also be capable to
sustain part of the load acting on it. To ascertain this, members forming the rigid body
have to be disconnected or separated so that an equilibrium analysis for each member
can be carried out.

The forces that exist due to disconnection or separation of the members are called
internal forces. The analysis conducted are based on Newton’s third law which states
that for every action there is an equal opposite reaction. The strategy for analysis is
better illustrated by an example.

= Example 12.1

@+-—-—-—-—-—- ’ ‘ ___________ ’.
A three member mechanism pin jointed at A : B
A and roller at F is supporting load W at : D
end E as shown. Determine all force com- cl I - E—
ponents acting on every member. A

000

C
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Solution:
The first step is to draw the FBD of the whole rigid body.

The values of Ay, Ay and F are determined A,
by using the equilibrium equations;

Y F=0
Y F=0

ZMk =0 (where k is any point)

To determine the internal forces (which are reactions at the joints maintaining the
shape of the structure) all members have to be disconnected or separated so that anal-
ysis on each member can be done.

The next step is to draw the FBD of each member as shown below. It is very im-
portant to notice that when an assumption of the direction of a force (reaction) com-
ponent at a point on a member, then the same force component acting on a different
body must be opposite in direction. For example, B, (the horizontal force component
of point B) is assumed to the right on member ABD, then it must be assumed to the
left on member BCF. If calculations were done on member ABD and giving a positive
answer, then the assumed direction is correct for both members. If B, is found to be
negative, then the direction is to the left for member ABD and to the right for member
BCE.

If a rigid body is in equilibrium, then each member forming the rigid body must
also be in equilibrium. Now, similar to equilibrium of rigid bodies, calculations are
done using the equilibrium equations (Y, Fx =0, Y F, = 0 and } My = 0, where k is
any point) for each member. If there is a two-force member among the disconnected
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members, remember that there is only one unknown (the magnitude) because the line
of action of the reaction is known, as shown in the following example.

= Example 12.2

Force P is applied at point F on the frame
as shown. Determine the components of
forces acting on all members.

Solution:
Obtain the overall FBD;

Notice that BE is a two-force member, which involves only one unknown, Fpg. Force
FpE 1s assumed to be in tension where the reaction is acting outwards of the point. A
positive answer will mean that the assumed direction is correct while a negative an-
swer will mean that the force is acting towards the point, which means that member
BE is in compression. Sometimes, a correct assumption can be made. Observe that
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by taking moments about point C on FBD of member FEC, the force P will produce
a clockwise moment. To maintain equilibrium, Fgg must produce a counter clock-
wise moment, which means that Fgg must act outwards from point E (the assumption
shown in the FBD is correct). A correct assumption will remarkably simplify calcu-
lations as there is no requirement to change the direction of a particular force on other
member.

The following sections will cover the analysis of structures which include
e Analysis of trusses
e Analysis of frames and machines

12.2 Analysis of trusses

The truss is one of the most popular type of engineering structures due to its efficiency
in solving engineering problems practically and economically. Trusses are usually em-
ployed in designing bridges and buildings. Figure below shows some typical trusses.

Typical bridge trusses
Warren Pratt K truss
Baltimore Howe

Typical roof trusses

- A N\

Howe Fink Pratt

Stadium truss "High voltage’ tower truss "Cantilever’ truss

A I =

Trusses are made up of members with end connections only. Every member is designed
to support load in the same plane, the reason why most analysis of trusses are done in
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two dimensions (one plane). All forces acting on a truss are considered to act at the
connections (at the joints). Mass of each member is also considered to act at the joints.
Even though in reality connection between members are either welded or bolted, the
members are considered to be pin jointed. In short, all members used in the construc-
tion of a truss are two-force members, and a truss is considered as an integration of a
group of joints with a collection of two-force members. Every member can be either
in tension or compression. On the whole, solutions of problems involving trusses are
based on the third Newton’s law, as shown in the diagram below. Notice that in order
to maintain equilibrium, unknown forces for each member is opposite in direction at
matching joints. Also observe that all unknown forces are assumed to be in tension
(directing outwards from the joints).

Diagram for problem

1.5m
2 kN
A
Il m
o
4 kN {
m
B
N 2 m
Diagram for analysis
2 kN A,
C t Fxc C A Fac é A
-
Fep x
Fac F, A
Fep Fgc AC Fap
Fpc F
C C Ag' 'AB
B B
F
4D Fpc Fag
F
D Fsp Fep Fsc \ 4 Fap
D = >~ B
; Fsp D B Fsp
4 kN B

There are two common methods of solving problems involving trusses, namely
e Method of joints
e Method of sections
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12.2.1 Analysis of trusses by method of joints

Solution strategy:
1. Draw the overall FBD and solve for reactions if applicable.
2. Choose a joint for analysis, where;
a. there are a maximum of 2 unknown forces (magnitude),
b. there is a minimum of one known force (magnitude).
Assume all unknown forces to be in tension (directing outwards of the point).
A positive answer means that the assumption is correct and the member is in
tension. A negative answer means that the assumption is wrong and the member
is actually in compression. Use the equilibrium of particles equations, F;, = 0 and
Fy, = 0 to solve. The trigonometry method can also be used.

3. Repeat step 2 for other joints until all required forces are obtained. If a positive
answer is achieved for a force then the force must also be in tension (directing
outwards) from the next connecting joint. If the answer is negative, then there
are two possible alternative solutions;

a. if referring to the original joint, the force direction is maintained while the
magnitude is negative in sign. OR

b. draw a new FBD putting the force directing to the joint while maintaining a
positive magnitude.

The solution strategy is illustrated by solving the following example.

= Example 12.3

1.5m

Two forces are applied to the truss 2 kN

shown determine the forces in A
each member and state whether 1m

the member is in tension or com- C

pression. 4 kN

D 2 m

Solution:
The FBD for each joint is given as;
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2 kN Ay
cY Fac FA&;_) A,
Fcp  Fe FA]?
Fcp Fpc Frg
D ﬁ Fgp FBD<¥ B
4 kN B

Observations:

at joint A — 4 unknown forces.

at joint B — 4 unknown forces.

at joint C — 3 unknown and 1 known forces.
at joint D — 2 unknown and 1 known forces.

It becomes clear that analysis can only begin at joint D followed by C, then either A
or B. However, a more common variation is to first determine external reactions by
solving the overall FBD. Observations will then be;

at joint A — 2 unknown and 2 known forces.
at joint B — 3 unknown and 1 known forces.
at joint C — 3 unknown and 1 known forces.
at joint D — 2 unknown and 1 known forces.

Analysis can begin at joint A or D. Overall FBD is given as;

1.5m
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(+ O)ZMA =0
4kN(2.5m)+2kN(1 m) —B(0.5m) =0
.. B=24kN
(+—)) F=0
SA=0
+NYFr=0

Ay+B—4kN—-2kN=0
Ay+24kKN—4kN-2kN=0
Ay = —18 kN

Ay =18 kN({)

determine angles a and f3.

1 1
= -1 R = ° = -1 R = . °e
o = tan <1.5> 33.7° and f =tan <0.5> 63.4

Analysis of trusses by method of joints;

Joint D +MDYF=0
FCD sin33.7° —4kN =0
.. Fcp = 7.21 kN = O(tension)
33.7° (+2) Y F=0
Fepcos33.7°+Fgp =0
Fgp = —6 kN
4kN .. Fgp = 6 kN(compression)

+DYFE=0
— 18 kN — FAB sin63.4° =0
Fagp = —20.1 kN
.. Fag = —20.1 kN(compression)

Joint A

A, =18kN

Fac Ay,=0 (+—=)YE=0

A — FARc0863.4°+ Fpoc =0
—(—20.1kN)c0s63.4° — Fpc =0
.. Fac = 9 kN(tension)

63.4°

FaB

The next analysis conducted can be on either joint B or C.
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Joint C (+ T)ZF =0
— —2kN —7.21sin33.7° — Fgcsin63.4° =0
Fgc = —6.71 kN
2kN .. Fgc = 6.71 kN(compression)
C Faa (H—=))YF=0
33.7° 63.4° Fac—7.21¢0s33.7° + Fgcc0s63.4° =0
Fep = 7.21 kN Fac—7.21c0833.7° 4+ (—6.7) c0s63.4° =0

Fpc
.. Fac = 9 kN(tension)

Observe that Fac is the same as previously, when analyse at joint A.
If pin B is chosen;

Joint B (+ =) X Fe=0
6 + Fap c0s63.4° — Fgc c0s63.4° =0
Fac 6+0.448Fag —0.448Fgc =0
FaB 134+ Fap—Fgc=0...(1)
63.4° 63.4° +MNYF=0
Fsp=6kN AB 24 + FAg sin63.4° 4 Fpcsin63.4° =0

24 +0.894Fxp + 0.894Fgc =0

B=24kN 26.8+FAB+FBC:O...(2)

solving both equations (1) and (2) yield;

Fag = —20.1 kN = 20.1 kN(compression)
Fgc = —6.7 kN = 6.7 kN(compression)

The answers are the same with previous calculations. This extra joint is usually used
to verify earlier calculations.
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12.2.2 Special loading conditions

The special loading conditions are as follows:
1. 4 forces/members with two line of actions.

FaB
FAg A
Fac
Fap Fac = Fag
Fap = Fap

If member AE is found to be in tension (the force acting outwards from A), then
member AC is also in tension. The same applies to members AB and AD.

2. 3 forces/members with two of them on the same line of action.

Fap
Fap
A
Fac = Fap Fac
) Fap =0
AB is known as zero force member.

3. 2 forces/members and both of them on the same line of action.

/ Fap

A

Fac Fac = FaB

If member AB is found to be in tension (the force acting outwards from A), then
member AC is also in tension.
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4. 2 forces/members and both of them not on the same line of action.

A
/\FA;
Fac Fac=Fap =0

Both members, AB and AC are zero-force members.

@ Zero-force members do not actually mean that the member is not required. The
member exist to compensate for different loading conditions. The member is also
needed to preserve the shape of the truss.

=« Example 12.4 Identify the zero-force members in the truss shown.
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12.2.3 Analysis of trusses by method of sections

Usually, in problems involving trusses, the aim is to find only a few forces relating
to some members of the truss. Even though the joint method is available, using this
approach would involves long and tedious calculations. In this type of problems, it is
more convenient to use the method of sections. The method of sections is based on the
fact that if a body is in equilibrium, then any part of the body must also be in equilib-
rium.

Strategy of analysis:

1. Draw the FBD and solve for reactions, if applicable.

2. Make a decision on sectioning the truss:

— ‘cutting’ through required members (based on the problem).

— since there are only three available equations, Y F; =0,y F,=0and Y My =0
(where A is any point), make sure that the ‘cut’ involves only three mem-
bers.

3. When the truss is divided into two sections, choose the simpler one to solve.
‘simpler’ means:

— the section with less forces.

— where most of the forces involved are horizontal and/or vertical.

4. Assume all unknown forces to be in tension (directing outwards of the point).
A positive answer means that the assumption is correct and the member is in
tension. A negative answer means that the assumption is wrong and the member
is actually in compression.

5. Solve using the three equilibrium equations, Y F; =0, Y F;, =0 and Y MA =0
(where A is any point). To reduce the risks of making mistakes, it is advisable to
find one equation that will directly solve one unknown.

The solution strategy is better illustrated by following example.

= Example 12.5

Determine the forces in members HI, HB and BC, and determine whether the mem-
bers are in tension or compression.

30 kN 20 kN 20 kN 40 kN

4 m 4m H 4 m 4 m
J Qo F

I G

4 m

A p p E
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Solution:
Draw a line crossing the members required in the question.

30 kN 20 kN 20 kN 40 kN

] l 4m 4m HY 4m 4m
I G

QF

After ‘cutting’ step, the truss is divided into two sections.

30kN  20kN  20kN 40 kN

7 G
Fau 4 m
D c D E
Fgc
E

In order to solve the left side, the reaction at A must be known. In order to solve
the right side, the reaction at E must be known. Therefore, it is practical to solve the
overall FBD first.

QOverall FBD

30 kN 20 kN 20 kN 40 kN
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(+ O)ZMA =0
20 kKN(4 m) 420 kN(8 m) +40 kN(12 m) — E(16 m) = 0
- E=45kN(1)

(+—=))Y E=0
S Ax=0

+HYFH=0
Ay —30kN—-20kN—-20kN—-40kN+45kN =0
A, =65kN(?)

The next step is to choose the section to solve. Solutions for both sections are shown
for this question. Notice that all unknown forces are assumed to be in tension (acting
outwards of the points). To reduce the risks of making mistakes, it is advisable to find
one equation that will directly solve one unknown.

Left hand side

y 4m 4m
J — O H
I Fn
4 m .
B BH
A -
Fgc
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(+0)) Mp =0
Fiz(4 m) —30 kN(4 m) + 65 kN(4 m) =0
Fiy=-35kN
.. Fig = 35 kN(compression)
(+—)).F=0
Fpy sin45° +65 kN—30kN—-20kN =0
Fgg = —21.2 kN
.. Fgg = 21.2 kN(compression)
(+0)Y My =0
— Fac(4 m) — 30 kKN(8 m) — 20 KN(4 m) + 65 KN(8 m) = 0
Fgc = 50 kN(tension)
(+—)) F=0
Fig + Fpc + Feucos45° =0
—35kN+50 kN + Fgcos45° =0
Fgy = —21.2kN
.. Fey = 21.2 kN(compression)

Right hand side
20 kN 40 kN
Fu H 4m 4m F
G
2
BH 4 m
B Fgc C D
0 -l E
4m
E =45kN
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(+ O)ZMH =0
40 kN(4 m) —45 kN(8 m) + Fgc(4 m) =0
Fsc = 50 kN(tension)
(+—)YF=0
— Faysin45° +45 kN — 60 kN —20 kN =0
Fgg = —21.2kN
.. Fey = 21.2 kN(compression)
(+ O)ZMB =0
— Fini(4 m) —45 KN(12 m) 420 kN(4 m) +40 kN(8 m) = 0
Fu =-35kN
.". Fig = 35 kN(compression)
(+—)) F=0
— Ay — Fgc — Fgucos45° =0
— (=35kN) — 50 kN — Fgcos45° =0
Fgg = —21.2kN
.. Fgg = 21.2 kN(compression)

= Example 12.6

State (if any) the zero—force mem- ‘
bers for the truss shown. Deter-
mine the force in members;

(a) CD and FG by using the

methods of joints.
(b) CB, CF and FG by using the .
methods of sections. ey
State whether the members are in A E
tension (T) or compression (C). 200
e

Solution:
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The zero force members are DG and CG.
From overall FBD;

(+O)MpA =0
20(2.5)+30(4)—E(8)=0
E =21.25kN(1)
(+1E=0
Ay+E —20c0s36.87°—30=0
Ay =24.75kN(1)
(+—=)F,=0
Ay +20sin36.87° =0
A, = —12 kN(negative value, )
(a) Using method of joint, start from joint E;

(+1)F =0
21.25+ Fpgsin36.87° =0

Fpg = —35.42 kN(negative value, C)

(+—2)F=0
— Fgg — FpE€0s36.87° =0
Frg = —(—35.42)c0s36.87°
Frg = 28.3 kN(positive value, T)

From joint D;
Fep = Fpg = 35.42 kN(C)

(b) Using method of section;

1.5
B =tan_l(7) =36.87°
6 = 180° —2(53.13°) = 73.74°

(+O)Mc =0

24.75(4) + 12(3) — 20(2.5) — Frg(3) =0

Frg = 28.3 kN(positive value, T)
(+O)Mr=0

24.75(3.125) + Fac(1.875) =0

Fgc = 41.25 kN(negative value, C)
(+O)Mp =0

20(2.5) — Fepsin73.74°(3.125) = 0

Fcr = 16.67 kN(positive value, T)

30 kN
20 kN
Ay
| Ay *E
Fpe
36.87°
Feg
E

From joint G;

Frg = Feg = 28.3 kKN(T)

20 kN
FBC ,/ III
A Fcr
A LB 0
- o
12 kN F Frg
24.75 kN
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= Example 12.7

Determine the force in mem- 20 kN
bers;
(a) AB and AL by using
the methods of joints
(b) CD, CJ and KJ by us- i ,4m
ing the methods of sec- A J N G
tions. L K I H -
State whether the members YiskN

are in tension (T) or compres-
sion (C). 6 sections @ 7.5 m =45 m

Solution:

From overall FBD;

(+ O)MpA =0
20(22.5) + 18(30) — G(45) =
G = 22 kN(positive value, 1)
(+1)Fy, =0
Ay—20—18+22=0
Ay = 16 kN(positive value, 1) A Y
(+—=)F,=0 Y
A, =0kN

0 20 kN

Ax

(a) At joint A;

(+ T)Fv =0
. o__ FaB
16 4+ FAp sin46.85° =0
Fap = —21.93 kN(negative value, C) A
(+ —))Fx =0 Far1,
FAL ‘|‘FABCOS46.850 =0 16 kN
Far = 15 kN(positive value, T)
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(b) Taking left hand side section; Fep
B C
(+ O)Mc =0 <FCJ
16(15) — Fig c0s 28.07°(8) =0 A :
Fik = 34 kN(positive value, T) L K Fix
16 kN
(+O)M;=0

16(22.5) + Fep c0s 28.07°(4) + Fep sin 28.07°(7.5) = 0
Fcp = —51 kN(negative value, C)

(+—=)F=0
Fcyc0s28.07° +34¢0s28.07° — 51¢0s28.07° =0
Fcy = 17 kN(positive value, T)

(+1E=0

16 — Fcysin28.07° 4 34sin28.07° — 51sin28.07° =0
Fcy = 17 kN(positive value, T). .. checked!

12.3 Example questions (frusses)

Exercise 12.1

C
Determine the forces in following 45 B D )
truss members and state whether they = m 3
are in tension or compression; m
a. Truss members BC, BG and A — - E
HG —.IZ * T
b. Truss members CD, DG and G
\4 \4 \/
Dk 3N 4N 2N |
1

I 2m 2m 2m 2m
Answer: (a) Fgc = 3.6 kN (C), Fgg = 0.5 kN (C) and Fgg = 3.17 kN (T)

Exercise 12.2

Determine the force in members A
AG and CI of the truss shown.

State whether the members are in 2 M
tension or compression. F

24 kN




226 Analysis of structures

Exercise 12.3

Determine the force in members EF, IF and IH
of the truss shown using

a. method of joints,

b. method of sections.
State whether the members are in tension or
compression.

Exercise 12.4

A 120 kg mass is supported by cables at
D and E. Determine the force in members
CD and AD of the truss shown using D
a. method of joints, ¢
b. method of sections. §
State whether the members are in tension W

or compression.

0.75m0.75 m

Exercise 12.5

Determine the force in mem- 4 kN

bers FG, CF and CD of the
truss shown using

a. method of joints,

b. method of sections.
State whether the members
are in tension or compression.

Exercise 12.6

Determine the force in mem-
bers CE, DE and DF of the
truss shown using

a. method of joints,

b. method of sections.
State whether the members

are in tension or compression. B D F

.03m _,03m , 0.3m_
< | 2 2l
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Exercise 12.7

H
Determine the force in mem-
bers BF, CF and FH of the 3m F G 500 N
truss shown using
a. method of joints, 3m A12
b. method of sections. A 5
State whether the members B C D E

are in tension or compression.
4m | 4m | 4m | 4m |
I 1S 7S

Exercise 12.8
Determine the force in members AG and CE of the truss shown. State whether the
members are in tension or compression.

D

2m 2 m 2 m

Exercise 12.9
A simple trust is loaded as shown. Determine the forces in members AB, BH GH and
CF and state whether they are in tension or compression.
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Exercise 12.10

The truss shown is built from
seven 2 m length members. De-
termine the force in members AB,
AD and CD. State whether the

members are in tension or com- E

pression.

Exercise 12.11

A trust is loaded as shown. Deter-
mine the forces in members AC,
AG and FG and state whether they
are in tension or compression us-
ing

a. method of joints,

b. method of sections.

Exercise 12.12

Determine the force in members
BC, BG and HG of the truss
shown. State whether the mem-
bers are in tension or compres-
sion.

Exercise 12.13

Determine the force in all members
of the truss shown. State whether the
members are in tension or compres-
sion.

100 kN

13

Cc 4

1.5m

3m

3m
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Exercise 12.14
Determine the force in members JK, BJ and AB and state whether the members are
in tension or compression.

| 30°

Exercise 12.15
Determine the force in members BC, BE and EF of the truss shown. State whether
the members are in tension or compression.

10 kN

A3m B C

Exercise 12.16

The truss in the figure is used to sup-
port the 500 kg load at the pulley D.
Determine the forces in all members 3 5,
if the radius of the pulley is 0.1 m.
Members BG and CF are horizontal
while members BF and CE are verti-
cal. State also whether the members
are in tension or compression.

2.5m
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Exercise 12.17

The figure shows a truss with a vertical load P at A and supported by pin E and roller
K. Determine whether each member is in tension (T), compression (C) or a zero-force
member (O) analytically, without calculations.

Answer: AB(T), BC(T), CD(T), DE(T), AF(C), FI(C), BG(0), GJ(0), CH(C), HK(C),
HE(0), BF(0), CG(T), GI(T), DH(O), HJ(0), EK(T), IJ(C), JK(C)

Exercise 12.18
Determine the force in members AC, CD and DE, and state whether the members are
in tension or compression.

2:5'm
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Exercise 12.19

A trust is loaded as shown. Determine the
forces in members DE, DF and CE and
state whether they are in tension or com-
pression using

a. method of joints,

b. method of sections.

Exercise 12.20

Determine the force in members
DF and DG of the truss shown by
a. method of joints,
b. method of sections.
State whether the members are in
tension (T) or compression (C).

Exercise 12.21
Determine the force in members BC, BE and EF, and state whether the members are
in tension (T) or compression (C).

2 kN _ 2m 2 m 2m
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Exercise 12.22

a. Determine the force in

members BC and BH using 15m B D
the method of joints.
b. Determine the force in 4m
member GH using the
method of section. A H G F E
—— —
State whether the members are in S S B 2 am

tension (T) or compression (C).

Exercise 12.23

a. Determine the force acting on members EF,
CE, CF and DF of the truss shown and state
whether they are in tension (T) or compres-
sion (C).

b. Determine the force acting on members AC,
AD and BD of the truss shown and state
whether they are in tension (T) or compres-
sion (C).

Exercise 12.24

1.5m

Determine the force acting
on all members of the truss
shown and state whether they
are in tension (T) or compres-
sion (C).
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Exercise 12.25

7.5m 2 m
ATgr—1
3m
C

Determine the force acting on all members B :4—36
of the truss shown and state whether they
are in tension (T) or compression (C).

6 m

10N \D
3.5m

Exercise 12.26

a. Determine the force acting on members CD, CG and FG of the truss shown and
state whether they are in tension (T) or compression (C).

b. Determine the force acting on members AB, BH and EH of the truss shown
and state whether they are in tension (T) or compression (C).

100 kN 100 kN 100 kN 100 kN 100 kN

e

35m

2m 2 m 2 m 2 m
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Exercise 12.27

The truss shown is supporting a ULSum B|

uniform load of 10 kN. Determine E
the force acting on members AD, E

BC, and BD and state whether 0.48m
they are in tension (T) or com-
pression (C).

Analysis of frames and machines

Frames and machines are defined as rigid bodies comprising of at least one multiforce
member (member with at least three forces acting). Frames are usually designed for
supporting loads and are usually stationary, while machines are designed to modify and
transmit forces, which are not necessarily stationary and always contain moving parts.
Nevertheless, a correct FBD is very important in the initial step of solving problems. A
similar strategy is used for the analysis of both frames and machines problems.

Two common types of problems include:

e To determine the components of forces acting on a member

e To determine the forces/ reactions at selected locations
In the analysis of frames and machines, it is usually sufficient to determine the compo-
nents of the force, unlike problems involving equilibrium of particles and rigid bodies
where the resultant (magnitude and direction) of the force/ reaction is determined after
calculating the components.

Strategy to determine the components of forces acting on a member:

e Separate the required member and draw the FBD. Identify all unknown forces/
components. Remember that for a two-force member, there is only one unknown.
Since there are only three equations (Y, =0, Y F, = 0 and ), Mp = 0 where A
is any point) to solve equilibrium problems, any extra unknowns must be settled
from *another location’.

e ’Another location’ means:

— try overall FBD
— try solving a member where there is a known force (magnitude and direc-
tion)

e Calculations can then be done on the required member when there are left with
only three unknown forces/components.
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= Example 12.8

Determine all force components ""',"' """"""" : 4*

acting on member CDE.

, | I\f\ﬁxed
03m03m 03m 03m  SUPPOIt

Solution:
1. Separate the required member and draw the FBD. Determine all force components.

There are 6 unknowns, namely, Cy, Cy, D,
E,, Ey, and Mg. Therefore 3 unknowns
must be solved at "another location’.

The necessary equation is;

(+—)) F=0
SE=0

4103 m 03m 03m 0.3mE,

3. Try a member with a known force (at points B and D)
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The necessary equation is;
D

36.87° (+0)Y Mp =0

| | Dsin36.87°(0.6 m)
<l — 600 N(0.3m) =0
~ome Lom -~ D=500N

The (+ve) answer indicates that the assumed direction is correct, and observe that
the reaction D on member BD is opposite in direction with the reaction D on member
CDE. 2 unknowns have been solved, still one short of the required 3, hence continue
analysis on member BD.

(+—)) F=0 +hHYF=0
B, —Dc0s36.87° =0 B, —600—Dsin36.87° =0
. By =400 N(—) . B, =900 N(1)

The (+ve) answers indicate that the assumed directions are correct.
4. Try member ABC, to solve either C, or Cy.

@ Observe that the reaction compo-
nents B, and B, are opposite in direction
to B, and B, acting on member BD.

(+—=))Y F=0
C:—400N=0
.Cy =400 N(—)

The (+ve) answer indicates that the as-
sumed direction is correct.

Solving for moment at point A yields;

(+0)Y MaA=0
400 N(0.4 m) +C,(0.6 m) — 900 N(0.3 m) — 400 N(0.8 m) =0
+.Cy="716.7N(1)

The (+ve) answer indicates that the assumed direction is correct.

5. Look back to the required member, CDE.
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@ Observe that the components D, C,
and C, are opposite in directions with re-
action D on member BD and components
C; and Cy on member ABC.

+HYFR=0
—716.7 N +5005in36.87° + Ey = 0
By =416.7N(1)

The (+ve) answer indicates that the as-
sumed direction is correct.

Solving for moment at point C yields;

(+0)Y Mc=0
500 N(0.5 m) +416.7 N(0.6 m) + Mg =0
ME = —500 Nm

. Mg =500 Nm(O)
Checking by taking moment at point E yields;

(+0))Y Mg =0
400 N(0.8 m) 4+ 716.7 N(0.6 m) — 500 N(0.5 m) + Mg = 0
Mg = —500 Nm
. Mg = 500 Nm(0))

Therefore the complete answer is;

Cea.

C.=716.7N | f
Yy : 0.4m
A
36.87° 1
_ 0.4 m

= J, E.=0

Mg = 500 Nm

[E, = 416N

@ Observation:
e Indicate the chosen member when drawing FBD.
e The member used in calculations must be clearly stated.
e Notice that all assumptions in this question have been coincidently correct,
any wrong assumption will produce a longer and tedious solution.
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12.4.1 Special cases

e The need to solve simultaneous equations.
If the discussed strategy is still unable to solve the problem, try to obtain two
equations that can solve two unknown components simultaneously.
e Problems where a force is acting on a joint. Two possibilities:
a. At least one member connected to the joint is a multiforce member. When
the members are separated, the force is placed at one of the members only.
For example;

B P

Observations:
* In the example above, force P can either be placed on member AB or
member BC.
* The reactions at A and C are placed on members AB and BC as Fjc,
to maintain AC as a two-force member.
b. All members connected to the joint are two-force members. Solve the joint
using ‘equilibrium of particles’ or ‘analysis of trusses by method of joints’
equations. For example;

Solve point B using ‘equilibrium of
particles’ or ‘analysis of trusses by
method of joints’ equations to get
Fap and Fgc
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= Example 12.9

Determine all force components
acting on member ABC.

Solution:
Member ABC

There are 5 unknowns, Ay, Ay, Fgp, C, and C,. The target is to determine 2 unknowns
from another location.
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Overall FBD

(+ O)ZMA =0

300(0.2) — D(0.3) =0

-.D=200N(—)
(+—)Y F=0

D+A,=0

Ay, =-200N

. Ay =200 N(+)

+HYF=0
A, —300=0
A, =300 N(?1)

(+0) ZMC =0
300(0.4) — 200(0.3) — Fep cos(36.87°)(0.15) — Fpsin(36.87°)(0.2) =0
120—60—0.12Fgp —0.12Fgp =0
c.Fgp =250N

(+NDXF=0
Cy +300 — Fpsin(36.87°) =0
Cy+300 — (250) sin(36.87°) =0
Cy=—150N
-.Cy =150 N({)

(+—)Y F=0
C, — 200 — Fap cos(36.87°) = 0
Cy — 200 — (250) cos(36.87°) = 0
. Cx = 400 N(—)

For checking take the moment at B;
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Ay, =300N

Fgp =250 N

Cy=150N

(+0)Y Mg=0
300(0.2) —200(0.15) + 150(0.2) — 400(0.15) = 0
60 —30+30—60=0...checked!

=« Example 12.10

Determine the forces acting on
member AC and state whether it
is in tension (T) or compression
(C). AC is parallel to DFHI and
BCEF is parallel to GIJ.

Given:

AC =BC =CE =EF =05m
DF=FH=HI=1J=0.5m
IG=1m

100 N I00N 50N
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Solution:

Try using overall FBD

100 N

Fac

Try using DFHI

100 N

100 N

There are 7 unknowns, Fac, Ex, Ey, Hy, Hy,
Jx and Jy. Do not start here! Too many
unknowns.

Try a member where there is a known
force. There are 4 unknowns for member
BCEF; Fac, Eyx, Ey and F. Do not start
here! Too many unknowns.

There are 4 unknowns for member DFHI;
Hy, Hy, I and F. Do not start here! Too
many unknowns.
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Try using GIJ

Iy There are 3 unknowns for member DFHI,;

Jx /1 Jx, Jy, and I. Start here! Number of un-
knowns is the same as the number of equa-
tions available.

50N

The solution strategy:

e FBD of member GIJ = Y Mj = 0, solve for /
e FBD of member DFHI = Y My = 0, solve for F since / is now known.
e FBD of member BCEF = Y} Mg = 0, solve for Fac since F is now known.

FBD of GIJ
P (+0) Y M =0
Te /1 1(0.5) +50(1.5c0s30°) = 0
50(1.5cos30°)
- = 130N
0.5
.1 =130 NA6O®
50N
FBD of DFHI
(+0)) Mg =0

Isin60°(0.5cos30°) — I'sin60°(0.5sin30°)
— F(0.5) — 100(1.0c0s30°) = 0
1305sin60°(0.5cos30°) — 130sin60°(0.5sin 30°)
— F(0.5) — 100(1.0c0s30°) = 0
48.75—-28.15—-0.5F —86.6 =0
F=-66N
100N <. F =66 Nx60°
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FBD of BCEF

(+0)Y Mg =0
— F'sin30°(0.5) — Faccos307)(0.5)
+100(1.0cos30°) =0
—66sin30°(0.5) — Faccos30°(0.5)
+100(1.0c0s30°) =0
—16.5—-0.433F5c +86.6 =0
. Fac = 161.9 NA430°

P | 100 N
FBD of AC
/ Fac .. member AC is in compression (C)
FAC/
Observation

e Ensure that the FBD is correct.

e All directions (of reactions) are assumed.

e Notice that, wherever possible, the assumption for direction is assumed ‘safely’,
to avoid confusion in determining the correct direction.

e Newton’s Third Law is adhered to all the way. For example, the actual direction
of force I is solved while solving member DHFI. Force ! is then transferred to
member GlJ, in the opposite direction.

e Just calculate the necessary parts required for solution. For example, there is
no need to calculate Ey, Ey, H,, Hy, J; and J; as this will consume time and the
risks of making mistakes will be higher.

= Example 12.11

120N
P
A
B |03

_ IT = . .
The frame shown comprises of three mem- | T 03m
bers. Determine all components of forces -?C
acting on member DEB. D | | 0.3m

04m04m04m 04m
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Solution:

From overall FBD;

(+O)MpA =0
120(0.3) — Fpc cos 14.04°(0.3)
— Fpcsin14.04°(0.4) =0
Fpc = 92.8 N(positive, )
From FBD of member DEB;

(+O)Mg =0
FDC sin 14.040(1.6) +0.8E
— Fpccos 14.04°(0.6) =0
(92.8) 5in 14.04°(1.6) + 0.8E
—(92.8) cos 14.04°(0.6) = 0
E =22.5 N(positive, 1)
(+—2)FK=0
Fpccos14.04°+B, =0
(92.8)c0s14.04° + B, =0
B, = —90 N(negative, <)
(+1F =0
Fpcsin14.04° +E+B, =0

(92.8)sin14.04° + (22.5) + B, = 0

By = —45 N(negative, | )

Or

From FBD of member AB;

(+O)Mp =0
120(0.3) — (0.8)B,
B, = 45 N(positive, 1)

>6;(-D

120N

Ak A, B Bll
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From FBD of member DEB;

(+—)F, =0
Fpccos14.04°+B, =0 ...(1)

(+1)F =0 s (5N
Fpcsin14.04°+E —B, =0 x
Fpcsinl14.04°+E—-45=0 j

— FpB
0.242Fpc+E =45 ...(2) -
(+ O =0 R

FDC sin 14.040(1 6) +0.8E
— Fpccos 14.04°(0.6) =0
—0.194Fpc+08E=0 ...(3)

Solving simultaneous equations (2) and (3) gives;

E =22.5 N(positive, 1)
Fpc = 92.8 N(positive, )

Substituting Fpc into equation (1) gives B, = —90 N(negative,<—)

= Example 12.12

0.1m
0.1m

The frame shown comprises of three mem-
bers. Determine all components of forces

acting on member ABCD. 0.3m

0.1m
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Solution:

From overall FBD;
(+O)Mg =0

4
120(0.6) +120(0.5) —A(=)(0.5) =0
(0.6) (0.5) - A(5)(05) 20N . 120N

A =330 N(positive, 53.13° ) —=f
(+—=)F=0

By+120— %(330) =0
B, = 78 N(positive, —) Bx -
(+1)E =0 WA
By— 120+ 2(330) =0
B, = —144 N(negative, |)

From FBD of member ABCD;
(+O)Mp =0
3 4
120(0.1) + (g)FCE(OA') + (g)FCE(O.l)

—78(0.5) — 144(0.4) — (‘5-‘)(330) (0.1)

+ (%)(330)(0.5) =0

Fcg = 37.5 N(positive, 36.87° X ) A I?x
(+=)E=0 -

78 N

4 3
D, —-(37.5)+ 78— Z(330) =0
| ’ & 330N
D, = 150 N(positive, —) 144 N
(+1E=0
3 4
D, —120+ g(37.5) — 144+ g(330) =0
D, = —22.5 N(negative, |)
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Or
From FBD of member DE;

(+O)Mp =0
4
120(0.1) — (3)Fce(0.4) = 0
Fce = 37.5 N(positive, 36.87° )

120 N
(+ —))Fx =0 Dx
4
Dy +120+£(37.5) =0 fe P

Dy = —150 N(negative, <)
(+1)5 =0

3
Dy~ £(37:5) =0
Dy, = 22.5 N(positive, 1)

Therefore on member ABCD;

Fcg =37.5N(36.87° K
Dy =150 N(—)
Dy =22.5N({)

= Example 12.13

- e .
A B C
The frame shown comprises of three mem- 0.4 50
bers. Determine all components of forces D '
acting on member BDE. i 2 % ¥
0.2m
v
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Solution:
From FBD of member CE;
(+O)Mc=0
120¢0s30°(0.6) + 120sin30°(0.4)
—E(0.4)=0 04m
(0.4) .. C
E =215.9 N(positive, —) =
(+ _))Ec =0 Cy 0.4 m
Ci+E—120c0s30° =0 E
Cy+215.9—-120c0s30° =0 02m
C, = —112 N(negative, <) 30°

(+1E =0 120N
Cy—120sin30° =0
Cy = 60 N(positive, 1)

From FBD of member BDE;

(+O)Mp =0
215.9(0.4) — FApc0s53.13°(0.4) =0
Fap = 359.8 N(positive, \)

(4 =)F =0 0.6 m

By —215.9+ Fapcos53.13° = 0 B, AB

B, —215.94+359.8¢0s53.13° =0 Fa

B, =0 0.4 m
(+1F,=0 53.13°

By — FAD sin53.13° =0
By —359.85in53.13° =0
B, = 287.8 N(positive, 1)
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= Example 12.14

The mechanism shown is used to support 0.4 m
the P = 600 N load.

(a) Determine the force in both hy-
draulic cylinders and state whether
the hydraulic cylinders are in tension
or compression.

(b) Determine also components of the
reaction at pins B, C, D, and E acting
on member BCDE.

03m 03m 0.3m

Solution:

From overall FBD;

600 N
(+ O)Mg =0

600(0.6) — Fprcos 36.87°(0.3) = 0

Fpr = 1500 N(positive value, C)
(+—=)F,=0

Ex+ 600+ 1500¢c0s36.87° =0

E, = —1800 N(negative value, <)

(+ T)Fv =0
E,+ 15005in36.87° = 0
E, = —900 N(negative value, |)

From FBD of member AB;

(+ O)Mp =0
600(0.3) — Focsin36.87°(0.4) =0
Fac = 750 N(positive value, T) 600 N

(+—=)F=0 B
By + 600 +750c0s36.87° = 0 + ’
By = —1200 N(negative value, <) ~ p -
(+1)F, =0 Nhc B

By —750sin 36.87° =0
By, = 450 N(positive value, 1)
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From FBD of member BCDE;
By =450 N

Fpr = 1500 N() atpin D

Fac =750 N(X) atpinC B,=1200N
Ex=1800N(+) atpinE Ey,=900N
E,=900N(}) atpinE
By =1200N(—) atpinB
By =450N(|) atpinB Ey=1800N

Fpor = 1500 N

Or

From FBD of member BCDE;

E,=1800N

Fpr = 1500 N

(+1E=0

—900+ 1500sin36.87° 4-750sin36.87° 4B, = 0
By, = —450 N(negative value, )

(+—=)F=0
— 1800+ 1500¢c0s36.87° — 750¢0s36.87° + B, =0
B, = 1200 N(positive value, —)

(+O)Mc=0
— (900)(0.6) + (1500in36.87°)(0.2) + (Bx)(0.3) = 0. checked!
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= Example 12.15

Determine the force in hydraulic cylinders
AB, CE and EF for the mechanism shown
to support the 2 kN load. State whether the D 0.5
cylinders are in tension (T) or compression 2 kN 2.0
(C). All dimensions are in meters. F
G

1.0 0.8 2.0

Solution:

From overall FBD;

(+0O)Mp =0

2000(5.3) — Fap(2.5) =0

Fap = 4240 N(T)
(+—=)F.=0

Fap+Dx=0

D, = —4240 N(+)

(+1)F =0
D, —2000=0
D, =2000 N(1)

From FBD of member BCD;

(+O)Mp =0
4240(2.5) —2000(2.5) — Feg(V2) =0
Fcg = 3960 N(C)

4240 N
From FBD of member GF;

853

(+0O)Mg =0 Gy
2000(1.0) — Fgg(0.8) = 0

Fer = 2500 N(C) "
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Check FBD of member BEFG;

(+O)Mp =0
2000(2.8) + Fcgcos45°(1.0)
— FCE sin45°(3.0) =0
5600 +0.707Fcg — 2.121Fcg = 0
Fcg = 3960 N(C) ... .checked!

12.5 Example questions (frames)

Exercise 12.28

a. Determine all components of
forces acting on member EFG.

b. Determine all components
of forces acting on member
ABCD.

Answer:

Exercise 12.29

' i/ ' =3
E I1.5m F 15m I.SmG

(a) Gy = 90 kN (+-), G, = 40 kN (|), Fop = 150 kN (£53.13°) and Fag = 80 kN ({)
(b) Fza = 80 kN (1), Fs = 60 kN (1), Frc = 150 kN (¥53.13°), D, = 90 kN (—) and
Dy =100 kN (1)

a. Determine all components of forces acting on member ABC.
b. Determine all components of forces acting on member FEB.

0.6 m

o~

P
n‘\

E g Y 125N

D>@‘
o |i
> |
8 |i
il ©
!u)
_LB
ool [ it
=
oll<
2 |i
4
(@)
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Exercise 12.30
Determine all components of forces acting on member BDE.

0=300N
: P=450N
0.1 m

E

Answer: B, =760 N(}), C; = 300 N(+-), C, = 1000 N(1), D, = 300 N(+-), D, = 210
N(1) and E = 450 N(J.)

Exercise 12.31
a. Determine all components of forces acting on member DCE.

b. Determine all components of forces acting on member ABC.
c. Determine all components of forces acting on member BEF.

F  5kN

12 m

Exercise 12.32

@)

50N

Determine components of the reactions at A and D.

B 75 N
Given AB =BC =0.2 m. /\
60°
Df@f145° I\ A
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Exercise 12.33

a. Determine all components of forces acting on member ABCD.
b. Determine all components of forces acting on member EFGH.

Exercise 12.34

a. Determine all components of forces acting on member CFE.
b. Determine all components of forces acting on member ABF.
c. Determine all components of forces acting on member BCD.

0.6 m

40N

v

(3
|
)




256 Analysis of structures

Exercise 12.35
Determine all components of forces acting on member ABC.

Exercise 12.36
Determine all components of forces acting on member ABCD.

0.3 m
0.15 m

500N

Exercise 12.37

Determine all components of forces
acting on member ABCD.
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Exercise 12.38
0.lm O03m 0.075m 0.35m

i C T
o . Y[ E 2
The mechanism is used to maintain A llg D H
the 4 kg and 25 g masses at the po- [EB—i———————pF——0= L ==
sition shown. Determine all compo- +40.05 m E
nents acting on member ABH and the G }:; 25¢
distance X. F I

4 kg

Exercise 12.39

Position of the 30 kg member DE is con-
trolled by hydraulic cylinder OA. The cen- C
tre of gravity of member DE is located at G ' <
with DG = 2.1 m. Determine the force in I
the hydraulic cylinder and all components i 2m
on member ABC for the position shown. =

E

Exercise 12.40
Determine the horizontal and vertical components of the forces exerted on member
ABC. Neglect the size of the small pulley at C. The mass m = 100 kg.

0.4 m 0.2m

0.15m i
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Exercise 12.41
Determine the horizontal and vertical components of the forces exerted on member
ABC.

1m

Exercise 12.42

a. Determine all components of forces acting on member ABC.
b. Determine all components of forces acting on member DEF.
c. Determine all components of reaction at pins A and D.

1.6 m

1.6 m

0.6 m

Exercise 12.43

The 80 kg door AC with mass centre
at G is held in the open position by
means of a moment M applied at E.
Member ED is parallel to the door for
the 30° position shown in the figure.
Determine moment M and the force
in member BD. Neglect the mass of
members BD and DE.
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Exercise 12.44
Determine all force components acting on member ABC for the frame shown.

0.2m

0.2m

Exercise 12.45
Determine the reactions at A,B,D and E of the frame shown. All contacting surfaces
are smooth.

. 0.8m 0.8 m

|
[ =l

Exercise 12.46

30

. A
Determine components QN
of the forces acting
on member ABC and \
determine components of 120 N
the reaction at C and F. E
All dimensions in mm. D. e
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Exercise 12.47

The figure shows two rings, A and B,
both with radius 90 mm and mass 4 kg
are supported by a frame which con-
sist of members CD and DE. Deter-
mine the reactions at C and E. All con-
tacting surfaces are smooth.

Exercise 12.48
300mm 228 mm 432 mm

The frame in the figure is loaded with
a 280 N force at F, pin jointed at A and
supported by a vertical cable at D. De-
termine all components of forces act-
ing on member ABCD.

Exercise 12.49

The frame in the figure is used to
support the mass m at end A. De-
termine the mass m (in kg) if a A (@------—--—---—- E---- O
400 N force is applied at F. i e 0.3 m

m 200N [03m
C-3 JECRE




12.5 Example questions (frames) 261

Exercise 12.50
Determine all components of forces acting on member ACE of the frame shown.

P=100N
~30°

0.1 m

0.1 m

t Q'-—-—-—-—-—Q-—----a) oe

Exercise 12.51

i

i _ (0.25m
Determine the components of all : : =+
forces acting on member DEF of the : !
mechanism shown. i i

; il [0.5m

1200N ;
600}5 Ul
g Z) Fon
& F

Exercise 12.52
Determine all components of forces acting on member ACE of the frame shown.

[ 2m , 2m
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Exercise 12.53

a. Determine all components of forces acting on member ABCD.
b. Determine all components of forces acting on member BE.

0.48 m 10.2 m 0.44 m
RO.12
B\ m
....... ¢._._._._._._._._._.§ N
D
0.32 m
>-—-—-—-—-—-—-§ _—
E

Exercise 12.54
Determine all components of forces acting on member ACEF.

4000 Nm
A r<—8000N
4 B
0.4 m B : C
—%—9—-—-—9— --------- N D
| : ;
0.4m | 2000N]| | i
I 1 LEI |
AN — el
0.4 m :

02m 04m
0.2m

Exercise 12.55
0.6 03 |

120 N

Determine components of the
forces acting on member BC 0.2
and determine components of

the reaction at A and D. All —
dimensions in m. 0.2
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Exercise 12.56
Determine components of the reaction at pins A and B.

0.04 m
0.06 m
0.1m
Exercise 12.57
200 mm | 200 mm
g\
AC® [ e
The mass m = 120 kg. Determine
all components of forces acting on g
member ABC and ADE. =
o
o /
Exercise 12.58
l’ 260 N
0.6

Determine components of the forces acting on
member ABC and determine components of N
the reaction at A and D. All dimensions in m.
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12.6 Example questions (machine)

Exercise 12.59

A 1000 kg mass pipe is being low-
ered from a lorry. Determine the
reactions at D and E for the po-
sition shown. All contacting sur-
faces are smooth.

Exercise 12.60

The figure shows a machine 25m Q
3m \

used to lift a 100 kg mass. A
Determine the forces in hy- B
draulic cylinders GF, HB and

JD. Determine whether the

cylinders are in tension (T) or
compression (C).

W\ 0.375 m

Exercise 12.61

Determine the forces in hy-

draulic cylinders BC and DE

if the work piece exerts a 5000 kN
5000 kN normal force as
shown. Weight of the grip-
ping mechanism (excluding
member FE and hydraulic
cylinder DE) is 500 N and
acts at point G.

5000 kNN

6 m 2m1lm 4m

0.8m 1.6m
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Exercise 12.62

The figure shows a rock breaking mechanism. Determine all components of forces
acting on member ABE if the force exerted by the rock is 5000 N acting at point K.
The two hydraulic cylinders are parallel for the position shown. All dimensions are

1n meters.

04m 04m 04m 0.2m
|

0.2 m |

0.4 m

Exercise 12.63
120 N forces are exerted on wire cutter as shown. Determine the forces acting on the

wire.
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Exercise 12.64

The figure shows a lifting mechanism controlled by the hydraulic cylinder BH. De-
termine components of the reaction at A and the force in hydraulic cylinder BH to
maintain it in the horizontal position. Mass of all other members is negligible com-

pared to the 250 kg mass acting at G. DE is a two-force member.

0.25m
y
0.3m :
G |
E || 0.35m
0.3 m
0.35m
03m 05m
Exercise 12.65
| 200 200 100
7.5 kN c
The mechanism shown is used to B (Yoo
support the 7.5 kN load. If for the 50 ¢ — [
position shown, hydraulic cylin- 50 ¢ o= i
der GJ is neither in tension or A D :
compression, determine the force F ;
in the spring and state whether it 350 G A0
is in tension or compression. Di- o < |\\"
mensions are in milimeters. > .
-
180 200 200

200




12.6 Example questions (machine) 267

Exercise 12.66

Movement of the 65 kg semicir-
cular plate, with a centre of grav-
ity at G is controlled by the hy-
draulic cylinder AJ. Members DE
and ABC are parallel for the po-
sition shown. Determine all com-
ponents of forces acting on mem-
ber ABC and the force in hy-
draulic cylinder AJ. State whether
the hydraulic cylinder is in ten-
sion or compression.

Exercise 12.67
Determine the forces in hydraulic cylinders AB, CD and EF. All dimensions in me-
ters.

Exercise 12.68

Determine the forces the
pliers exert on the smooth
bolt.
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Exercise 12.69

The mechanism shown is used for to
level a load to a desired height. Deter-
mine
a. the force in hydraulic cylinder
EF to level a 3 kN load at the
height shown.
b. all components of forces acting
on member BCD.

Exercise 12.70

The mechanism shown is used to
support the 200 N horizontal force at
D by adjusting hydraulic cylinders CE
and FG. Determine all components of
forces acting on member ABCD for
the position shown.

Answer: A, = 200 N(+),

Ay =233.3 N({), By = 466.7 N(—),
By =233.3 N(1) and

Fcg = 466.7 N(C)

Exercise 12.71

200 N

0.1m

0.1 m

0.15m

0.1 m

0.1 m

Determine the required moment M to maintain the 1 kN tilting device (acting at G)

at the position shown.

- 0.05m
".(:\-} ¢
R e
i S 024m
’;: " G //// E B
S©7Z
M:/,/'\:;oo

0.1m

M E 0.08 m
)
A
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Exercise 12.72
Determine the force in hydraulic cylinders AE and DG.

03m 0.15m 0.6 m

0.4 m

0.15m 0.2 m

Exercise 12.73

In the particular position shown in the figure, the excavator is supporting a 500 kg
load acting at G. Neglecting the weight of other members, determine the force in
hydraulic cylinders CD and FI and state whether the cylinders are in tension or com-
pression. All dimensions in meters.

0.8 1.0 0.7 1.0 .05

A B

S cll | %os

. 12, 0.5

- ° G N O 3

E 0.6

0.50.3 F‘ ‘ < 0.5

AN L( 0.8

,,-‘I =
Exercise 12.74

A g 150N
Determine components o1 > — D

of forces acting on 30| C
member AB of the bolt
cutters. All dimensions
in mm.

30 1\ 150 N
— e
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Exercise 12.75

The mechanism shown is used to carry 100 kg of sand acting at G. Determine the
forces in hydraulic cylinders AC and DE for the position shown. Determine also
components of the reaction at B and F on member BCDF.

0.2m

0.8 m

0.2m

Exercise 12.76

Taking into consideration
Newton’s Third Law, draw
the Free Body Diagrams of ALL
members shown in the figure.

Exercise 12.77

Determine components
of the forces the mem-
bers of the pliers exert on
each other at A.

42 mm 100 mm
€ >< >

Answer: Ay =0 and A, = 202.86 N({)
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Exercise 12.78

The mechanism shown in the
figure is used to support the
100 N load at G. Determine
the force acting on the two
force member CE and the hy-
draulic cylinder BC for this CD=CE=DE=0.5m

instant. DF = FE

G é(——L
100 N

Exercise 12.79
The figure shows a mechanism used to clamp a workpiece at roller A. If the vertical
force P = 100 N, determine the reaction at roller A for the instant shown.

90 mm . 40 mm

k<
|7

Exercise 12.80

Determine the force in the
hydraulic cylinder AC if the
mechanism is supporting a
load of 10 kN at G.
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Exercise 12.81

P
| B A
Determine the force exerted )] o
on the smooth bolt by the bolt o
cutters. Force P =80 N. All ( 1) ®
dimensions in mm. T D [E
P 1
IS
200 10 30 20

Exercise 12.82

The mechanism shown in the figure is used to raise and rotate the 1000 N load at F.
Determine the force required in both hydraulic cylinders to keep the mechanism in
the position shown.

0.18 m

0.36 m

Exercise 12.83
The mechanism shown is supporting a 1 kN load at G. Determine all components of
forces acting on member BCF.

0.13m 0.165m

BC=CF=10.13m
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Exercise 12.84
Determine the force acting on the hydraulic cylinder EG if the mechanism is support-
ing a load of 10 kN at D.

1.4 m 0.4m

0.6 m

Answer: Fgg = 54 kKN(C)

Exercise 12.85

Determine the magnitude of the
force P required to produce a
100 N gripping force at the jaws
of the vice grip pliers.

12 mm 120 mm
Answer: P =26 N

Exercise 12.86

Determine the forces the pliers
exert on the smooth bolt. Force
P=50N.

90 mm 15 mm
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Exercise 12.87
Determine components of the forces acting on member BD of the bolt cutters. All
dimensions in mm.

Exercise 12.88

Determine the forces exerted on
the twig by the garden shears. All
dimensions in mm.

Exercise 12.89

The mechanism shown is used to i
support the load P = 8 kN. Determine

component of the reaction at A and

F, and the force in hydraulic cylinder ,

DE. State whether the hydraulic 0.15m

cylinder is in tension or compression.
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Exercise 12.90

The mechanism is used to clamp
two blocks of wood. Determine
all components of forces acting
on member CBD if the blocks are
pressed together with a force of
200 N. All dimensions in mm.

Exercise 12.91

The wooden block exerts a force of 600 N at the clamp. Determine the force P ap-
plied at the handle. All dimensions in mm.

140

Exercise 12.92

The mechanism shown is used
to support the P = 600 N load.
Determine the reaction at A and
the force in hydraulic cylinder
BD. State whether the hydraulic
cylinder is in tension or compres-
sion.

0.1m
0.35m

0.45 m

0.45 m

A
B
P
D E
\F
06m 06m 06m 03m
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Exercise 12.93

The figure shows the front wheel suspension of an automobile. The pavement reacts
a vertical force of P =3 kN on the tyre. Determine the force acting on pin B and
components of the force on pin F, and the force on absorber CE. Absorber CE is
perpendicular to member DEF. All masses are negligible compared to force P. All
dimensions in mm.
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Centroid and centre of gravity

So far we have assumed that the attraction by the earth on a rigid body with a mass m is
represented by a single force W (commonly called as weight), applied at the centre of
gravity of the body (G). Its magnitude is given by W = mg and is pointing downward
(towards the earth). However in reality, this single point force W does not exist. The
weight W is actually the resultant of a large number of small distributed forces over the
entire body/surface/length. It is easier to illustrate this concept through normal force
at contacting surfaces. The normal force is the reaction of W and acts in the opposite
direction of of W. Consider contacting surfaces shown below;

Physical problem Assumption In reality

N ==

o —»—»

Surface contacts Resultant = Y Distributed forces
(normal force) over contact surfaces
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Mass of the body is being distributed depending on its geometry. Hence W due to the
distributed mass is coming from one of three categories of distributed forces which are
for line, area and volume geometry, respectively as shown below;

Idealization for three categories of distributed forces due to distributed mass

1. Line distribution 2. Area distribution

- -

3. Volume distribution

» -

Weight W is acting at the centre of gravity (G) of a body. The concept of centroid (C)
and centre of gravity (G) can be better understood by the illustration of two case stud-
ies as follows. In simple words, C is the center of shape (refer to area) while G is the
center of mass (refer to volume). However, for a homogeneous thin plate for example,
the location of C and G is the same.

= Example 13.1 Case study 1

A homogeneous rod of length / is made of aluminium. The centroid (C) which is the
centre of the shape is located at the mid point (= %). The centre of gravity (G) is also
located at the mid point.

C
%% ﬂ(}
[ )
A

! !

A second homogeneous rod of length / is made of two parts of equal length, half alu-
minium and half mild steel. The centroid (C) is still located at the mid point (= %).
However, the centre of gravity (G) is no longer located at the mid point.
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C

) L | G
aluminum x 2 /
N A =
l‘\ mild steel

= Example 13.2 Case study 2

This is an example for two dimensional analysis.
Consider a homogeneous plate with uniform
thickness having an arbitrary shape as shown in
Figure (a). How to determine the centre of gravity

(G) of the plate? Since the plate is homogeneous Figure (a)
and of uniform thickness, both the centroid (C)

and the centre of gravity (G) is located at the same A B
point.

Procedure to locate points C and G

Mark a point on the plate, i.e point A

Hinge the plate about point A (Figure (b)) Figure (b) Figure (c)
Construct a vertical line passing point A

. Do steps (1)-(3) as above for point B
. Intersection points of the two lines is the cen- nte1sect1on
troid (C) as shown in Figure (d). point, C
If another point is chosen (i.e. point D), the vertical
line constructed will pass through the centroid C ~ Figure (d)
(which is also the point G), as shown in Figure (e).
The results achieved enhance the concept that;
Moment of area on Moment of area on
the left side of = the right side of

the vertical line the vertical line Figure (e)

R

Centroid for common shape areas and lines

The scope of this subject is more inclined towards the ability to solve application rather
than derivation problems. In view of this, a collection of centroids of common shapes
of areas and lines is presented to assist solutions. The centroid for typical shapes are
shown in Table 13.1. The 2D shapes represent homogeneous plates with constant thick-
ness. As the point for the centroid coincide with the center of gravity for 2D shapes,
these terms will be used interchangeably.
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Triangular area Quarter and semi-circular area
TR \C C
h _ o r e Y 1 o
I 7N S A
A le—k—l Np™
b/2 b/2 -
A=TC j=F A" z_5=2%
bh —_ h 2 3 4 3
A=7 ¥=3

I&I A a
nab S 4b _nab  _ 4a 5 4b
A= 2 Y=13g A_4 X=13g Y=13g

Table 13.1: Centroid for common shape areas and lines.
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Centroid/center of gravity for common and composite shape areas

Consider a homogeneous plate with uniform thickness on x-y plane. Since the plate
has homogeneous thickness, only x and y axes need to be considered. Furthermore, the
centroid and center of gravity of this plate are located on the same point.

Plan View
)A)s )A)k Yw
AW,
AW,
_ G
2| Y1 YT;
¢_ > X — > X
X1 x X

For determining the centre of gravity of a homogeneous plate with uniform thickness
about x-axis, moment is taken along y-axis as;

My = moment of distributed forces = moment of the resultant
= XIAW) + 0AW, + BAW3 +... =X ) AW
=) TAW =X) AW

Therefore the coordinate of point G about the x-axis is

Y AW

X =
Y AW

and by using the same procedure, the coordinate of point G about the y-axis is given as

g _ LIAW
Y AW
where
YW = overall weight
AW = weight of element

= c.g. of element (x-axis)
= c.g. of element (y-axis)
= c.g. of plate (x-axis)
= c.g. of plate (y-axis)

< =i

Knowing that W = pgtA, therefore AW = pgtAA with p is density of the plate, g =
9.81 m/ 2t is the plate thickness, A is the plate area and AA is the element area.

For a homogenous plate, and constant p, g and ¢, the equation can be simplified to
obtain the coordinate of the center of gravity (G) about the x-axis and y-axis as

LA o LM
YAA YA

X= (13.1)
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= Example 13.3

Determine the location of centroid of the composite body shown in the diagram

y
A

. >
D
03m -
B 0.6 m -
Solution:

Step 1 Determine the axes.

Step 2 Segregation into simple shapes. Ensure that combination of seg-
regated parts will produce the original body. Areas of holes must
be subtracted.

Step 3 Calculate the area (A) of each component.

Step 4 Determine the (¥,y) coordinates of each component of simple

shapes.
Step 5 Construct a table.

Step 6 Solve the c?ordinate of G for the composite body using X = ZZXAAX‘
and Y = ):Zy%:f
y ¥
A A
RO.1 m
+ —
Cy 2 : _
-------- 0 2 0.4m y3
I)_’l :
> x s, > x
e D — |<—>
X1 X2 X3
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Part AA(m?) *(m) y(m) TAA(m?) FAA(m?)
1 (0.4)(0.6) 0.3 0.2 0.072 0.048
0.4
1 2
2 3(0.6)(0.3) 2(0.6) 1103) 0.036 0.045
3 —m(0.1)? 0.3 0.4 —0.00942 —0.01256
YAA Y XAA L yAA
=0.2986 =0.09838  =0.08044
g LEAW _ Y3AA g LYAW _ YyAA
T YAW Y AA T YAW Y AA
_0.09838 _0.08044
~0.2986 ~0.2986
=0.329 m =0.269 m

= Example 13.4
Determine the location of the centre of gravity of the composite body shown given
that the density of material A is twice that of material B.
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Solution:

Step 1 Determine the axes.

Step 2 Segregation into simple shapes. Ensure that combination of seg-
regated parts will produce the original body. Areas of holes must
be subtracted.

Step 3 Calculate the weight (W) of each component.

Step 4 Determine the (%,y) coordinates of each component of simple
shapes.

Step 5 Construct a table.

Step 6 Solve the coordinate of G for the composite body using X = %%
and ¥ = LISV

= YAW *
y
_ 0.3 m
52 0.2m A
. 0.2 m V>

- ! > x + :

«——> :

X1 :
< > . >

0.6 m !

X2 '

~ 06m
y
y A
=3
+ )731_ |
@ N
X3 . _
< »| : Y4
0.6 m .
; >y
X4

From previously, W = pgtA and AW = pgtAA. For a constant g and ¢, analysis of
(p and A) and (p and AA) are done in place of W and AW. Given that p4 = 2pp,
therefore;
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Part  pAA *(m) y(m) XpAA ypAA
1 (0.2)(0.6)pa 03 0.3 0.036p4 0.036p4
5 0.4
2 2(0.6)(0.3)pa  3(0.6) 1103) 0.036p4 0.045p4
(0.2)(0.6)ps
3 — 0.06p, 0.3 0.1 0.018p,4 0.006p,4
4 —m(0.1)%p4 0.3 0.4 —0.00942p, —0.01256p,
Y.pAA YxpAA YypAA
=0.2386p4 =0.0806ps =0.0857p,
g LAV Y3pAA L p o LIAW Y ypAA
T AW YpAA U YAW  YpM
_0.0806p4 _0.0857p4
~0.2386p4 ~0.2386p4
=0.338 m =0.359m

= Example 13.5
Determine the centroid of the composite sheet shown.

Semi-circle
RO.1 m

Solution:

Part AA X(m) y(m) Z(m)  XAA JAA ZAA

1 (0403 02 0 0.15  0.024 0 0.018

2 3(03)(0.1) 04+1(0.1) 0 1(0.3) 0.0065 0 0.0015

3 (0.12)(0.3) —0.06sin30° 0.06c0s30° 0.15  0.00108  1.87E-3 0.0054

4 —Z(01)2 01-2L ¢ 0.15 —9.04E-4 0 —2.36E-3
Y AA Y fAA YJAA Y ZAA

=0.1553 =0.0307 0.0019 0.0716
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e Y xAA _ 0.0307 . Y JAA _ 0.0019
o YAA  0.1553 o YAA  0.1553
=0.1977m =0.012m
a YZAA  0.0716
o YAA  0.1553
=0.461 m

13.2.2 Centroid/center of gravity for common and composite lines

The centroid and centre of gravity of a homogeneous line with uniform cross-sectional
area is determined as follows;

Plan View
AW
" 7 AW,
Vo ¥ :
T‘ - o
X2

Taking moment along x-axis gives

My, = moment of distributed force = moment of the resultant (13.2)
= X1 AW] +5AW, + B3AW3 + ... = X ) AW (13.3)

hence
Y iAW =XY) AW

giving the center of gravity (G) about the x-axis as;

- il
Y AW
and by using the same procedure, the center of gravity (G) about the y-axis is;
Ly _ LIAW
.. - ZAW
where
YW = overall weight
AW = weight of element
x = c.g. of element (x-axis)
y = c.g. of element (y-axis)
X = c.g. of plate (x-axis)
Y = c.g. of plate (y-axis)
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Knowing that W = pgalL, therefore AW = pgaAL with p is density of the line, g =
9.81 m/ s2, a is the cross-sectional area, L is the line length and AL is the element
length.
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